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Nucleation and Glrowth Kinetics for the Crystallization 
of Ice from Dextrose Solutions in a Continuous Stirred 
Tank Crystallizer with Supercooled Feed1) 

The crystallization of ice in aqueous dextrose solutions is studied in an adiabatic 
continuous stirred tank crystallizer with a supercooled feed stream. The effective 
diameter of the ice crystals wtw determined for various values of mean crystal 
residence time, feed supercooling, magma density, stirring rate, and dextrose con- 
centration. For all process conditions the supercooling was measured at  9 - 12 
different locations in the crystallizer. These local supercoolings were averaged 
algebraically to yield the bulksupercooling. 

From the experimental results growth and nucleation rates have been calculated. 
By comparing the experimental growth rates to growth rates calculated by means 
of a mathematical model kinetics for the inbuilding of water molecules into the ice 
lattice have been determined. The growth rate appears to be directly proportional 
to the interface supercooling. The rate constant decreases exponentially with 
increasing weight percentage of dextrose in the solution. 

The nucleation rate was found to be directly proportional to total crystal surface 
per unit volume of suspension and proportional to the bulksupercooling to the power 
2.1. Nucleation is believed to occur by breakage of dendribs from the surface of 
parent crystals. 

Die Kristallisation von Eis in wlfirigen Dextroselosungen wird in einem adisbeti- 
schen kontinuierlichen Riihrkristallisator bei unterkiihltem ZufluD der Mutterlosung 
untersucht. Der effektive Durchmesser der Eiskristalle wurde fiir verschiedene 
Werte der mittleren Verweilzeit der Kristalle, der Unterktihlung des Zuflusses, der Sus- 
pensionsdichte, der Riihrgeschwindigkeit und der Dextrosekonzentration bestimmt. 
Fiir alle Bedingungen der ProzeDfiihrung wurde die Unterktihlung an 9-12 ver- 
schiedenen Stellen des Kristallisators gemessen. Diese ortlichen Unterktihlungen 
wurden algebraisch gemittelt, um die Volumenunterkiihlung zu erhalten. 

Aus den experimentellen Ergebnissen wurden die Wachstums- und Keimbildungs- 
geschwindigkeiten berechnet. Durch Vergleich der experimentellen mit den mit 
Hilfe eines mathematischen Modells berechneten Wachstumsgeschwindigkeiten ist 
die Kinetik des Einbeue von Wassermolekiilen in das Gitter des Eises bestimmt 
worden. Es ergab sich, de13 die Wachstiimsgeschwindigkeiten der Grenzfliichenunter- 
kiihlung direkt proportional sind. Die Geschwindigkeitskonstante nimmt mit zu- 
nehmenden Gewichtsprozenten der Dextrose in der Liisung exponentiell ab. 

Die Keimbildungsgeschwindigkeit wurde als direkt proportional der Gesamtkristall- 
oberfllche pro Volumeneinheit der Suspension und proportional der 2,l. Potenz der 
Volumenunterkiihlung gefunden. Es wird angenommen, da13 die Keimbildung 
durch den Abrieb von Dendriten von der Oberfliiche der Primiirkristalle erfolgt. 

l )  Paper presented on the 5th Symposium on Industrial Crystallization, Chisa 
Congress Prague 1972. 
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1. Introduction 
Crystallization of ice from aqueous solutions is studied widely, especially for its 
application in solute concentration and water purification processes. Knowledge 
of the kinetics of nucleation and growth of ice crystals from aqueous solutions 
is a prerequisite for optimal crystallizer and separator design. The specific 
surface of the crystals produced in the crystallizer determines the efficiency 
and the rate of separation of concentrated liquid from ice. This total crystal 
surface per unit volume of ice, that will be expressed by the effective diameter 
a,, is mainly influenced by the growth rates, and by the mean residence time 
and residence time distribution of the crystals. 

Experiments have been performed in a continuously operated, well mixed, 
adiabatic vessel with supercooled feed. The effective diameter of the product 
crystals has been determined for various operating conditions. Nucleation and 
growth rates that are calculated from the experimental data are correlated with 
internal system variables, such as total crystal area per unit volume, bulksuper- 
cooling, and the energy dissipated by the impeller per unit mass of suspension. 
By means of these general correlations heat and mass balances, and a population 
balance, the average crystal size and moments of the crystal size distribution 
can be calculated for various types of crystallizers (LARSON, RANDOLPH; HUL- 
BURT, STEFANOO). 

2. Theoretical 

2.1. Growth rate 
Ice crystals growing freely from supercooled aqueous solutions usually exhibit 
a disk-like shape (LINDENMEIJER, CHALYERS). The growth of these ice crystals 
can be described by two linear growth rates along the main crystallographic 
axes. These linear growth rates are not the same due to different inbuilding 
kinetics in both crystallographic directions. 

In  addition to the inbuilding kinetics, the linear growth rate is also dependent 
upon the rates of heat and mass transfer between the crystal interface and the 
bulk of the solution. The heat and mass transfer coefficients can be calculated 
from the power input E ,  of the impeller per unit mass of suspension, the linear 
crystal size Z and appropriate physical constants. From the experimental data 
reported by BRIAN, HALES and SHERWOOD and the effects of the volume fraction 
5 upon heat and mass transfer coefficients (ROWE, CLAXTON), the following 
correlations could be derived : 

+ (1.3/(1 - 5 ) )  ( E  Z4/ly3).17 Pr.25 for ( E  Z4/v3) < 10' (1) 
and 

Nu = 2/(1 - 5lI3) + (0.4/(1 - 5 ) )  (e Z4/v3).243 Pr.25 for ( E  Z4/ly3) < 1W 
in which Nu is the Nusselt number for heat or mass transfer, .Pr is the Prandtl 
number for heat transfer or the Schmidt number for mass transfer, and v is the 
kinematic viscosity. 

For the calculation of the linear growth rate in one crystallographic direction 
the linear ice crystal size in the other direction is taken as the characteristic 
length Z for heat and mass transfer (equation (1)). The heat transfer coefficient h 
is calculated from a heat balance: 

Nu = 2/ (1  - 

m = h (T, - Tb)/dB @' 7 (2) 
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in which Ti is the interface temperature, v(1) is the linear growth rate, A H  is 
the enthalpy of crystallization, and is the specific weight of ice. Since no 
dextrose molecules are built into the ice lattice a dextrose mass balance yields : 

(3) 
where C ,  and cb are dextrose concentrations a t  the interface and in the bulk 
respectively, Q is the specific weight of the solution and k is the mass transfer 
coefficient. Ct and cb can be related to their respective equilibrium tempera- 
tures Ti* and T t .  The overall driving force Tt - Tb will be referred to as the 
bulksupercooling. 

For ice crystals growing dendritically in flowing water a t  supercoolings be- 
tween 0.1 and 0.5 "C, the inbuilding kinetics for the fastest growing direction 
(a-direction) have been expressed by HUIGE and THIJSSEN : 

v(2) Ct el/@ = k (ci - (76) 7 

V ,  = 0.27 AT;." , (4) 
in which A Ti is the interface supercooling. In  applying eq. (4) to  growth of ice 
crystals in dextrose solutions, the interface supercooling A T i  can be written 

Ti: is the equilibrium temperature of a dextrose solution with concentration 
CI in equilibrium with a crystal of size 1. The freezing point depression Ti* - T; 
is given by the Gibbs-Thomson equation : 

as Ti: - Ti. 

in which a is the surface free energy and Ti* is the freezing point of the solution 
a t  the interface. 

Relationships similar to eq. (4) have been published for both the fastest 
(SHEBWOOD, BRUN) and slowest directions (MICHAELS, BRIAN, SPERBY; KET- 
CHAM). The correlations for the slowest growing direction (c-direction) are com- 
monly second order in the interface supercooling A T( : 

v = 0.027 A T ; .  (6) 
A second order dependency can be expected for an inbuilding mechanism in 
which dislocations serve as growth steps (HILLIG, TWNBULL). By means of 
the equilibrium data and physical constants, and for known values of the super- 
cooling, I, E ,  and 5, v(2) can be calculated iteratively from equations (1) through 
(5)- 

2.2. Nucleation 

In a continuously operated crystallizer nucleation is most likely caused by 
suspended crystals. This type of nucleation, usually referred to  as secondary 
nucleation, takes place at much smaller supercoolings than nucleation in a 
crystal free solution. Secondary nucleation can occur by several mechanisms : 

1. nucleation by breakage of dendritical growths from the crystal surface; 
2. nucleation by shearing off parts of a structured layer a t  the surface of parent 

3. nucleation by mechanical breakage of parent crystals. 
ad. 1. Crystals can grow dendritically when the supercooling exceeds a critical 
value. Ice crystals are observed to  grow as very thin platelets and surface 

crystals ; 
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needles even at supercoolings as low as 0.5 "C(*). The growth rate of the den- 
dritic protuberances and therefore the probability of breakage increases with 
increasing supercooling. Furthermore the chance that a broken off dendrite 
becomes a stable nucleus increases with increasing supercooling. The rate of 
nucleation due to this mechanism is linearly dependent on the crystal surface, 
since the number of sites available for dendritic growth is determined by that 
crystal surface. 
ad. 2. Water molecules that are transported to the crystal surface are not built 
into the crystal lattice immediately, since at supercoolings smaller than 9 "C 
inbuilding of these molecules only takes place a t  preferred locations at the crys- 
tal surface. An adsorption layer is therefore formed around the crystals. In  
this layer the water molecules have a more ice-like structure than in the bulk. 
If parts of this adsorption layer are torn away from the surface, these fragments 
may become stable nuclei, depending on the supercooling, the size of the frag- 
ment, and the molecular concentration of the fragment. The rate of nucleation 
due to this mechanism increases with the number and size of the fragments that 
are sheared off. The nucleation rate increases therefore with increasing total 
volume of the adsorption layer and consequently with the total crystal surface. 

1. fluid shear (applicable to mechanismus 1 and 2), 
2. collision of crystals with the impeller, fixed surfaces in the crystallizer or 

If the forces extered by fluid shear are not large enough, breakage can only be 
caused by collision. For nucleation caused by collision it has been shown that 
the nucleation rate is linearly proportional to the impact energy (CLONTZ, 
MCCABE) . 

The rate of nucleation by crystal-crystal collision is linearly proportional to 
the power input ( E )  of the impeller per unit mass of suspension and to the square 
of the total mass of crystals per unit volume (M). 

For nucleation resulting from collisions of crystals with fixed surfaces or the 
impeller the rate increases linearly with E and M (OTTENS, JANSE, DE JONG). 

The separation of prenuclei from the parent crystal can occur by : 

with other crystals (applicable to all three mechanisms). 

2.3. Crystal size distribution 

For a mathematical description of crystallization processes not only energy and 
material balances must be considered, but also an additional conservation law 
is needed for a complete description of the crystal size distribution. For this 
conservation law the population density balance will be used. This balance can 
be expressed by the following partial differential equation (LARSON, RANDOLPH) : 

where n(Z) is the population density, t is the time and T is the mean residence 
time of the ice crystals. B(Z) and D(Z) indicate respectively the increase and 
decrease of the number of crystals in a size interval ( I ,  1 + AZ) due to breakage. 
The population density is defined by : 

lim AN 
A Z - t O  AZ n(Z) = ~ ~ 
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in which AN is the number of crystals per unit volume of suspension in the size 
interval (I, I + dl )  . 

In the derivation of eq. (8) the following assumptions are made : 
- constant suspension volume ; 
- ideally mixed suspension ; 
- no agglomeration. 

If nucleation only occurs by mechanisms 1 and 2 eq. (8) reduces for steady state 
conditions to : 

(9) 

The size distribution is usually characterized by its moments. The ith moment 
is defined as: 

d(n(l) 40) = nu) 
d t 

- 
p i = J n ( I ) l i d l  i = O , l ,  . . . ,  N .  (10) 

The shape of the crystals can be characterized by the shape factors k a and k v ,  
that can be calculated from: 

where V is the volume and A is the surface of one crystal with a linear size 1. 
For shape factors, that are independent of crystal size and supercooling, the 
total surface and volume of the crystals per unit volume of suspension are given 
by respectively ( k  a p 2 )  and (k v p 3). 

A = k a l a  and V = k v P  (11) 

3. Experimental 

3.1. Description of the apparatus 

The experimental set-up is schematically indicated in Figure 1. From a storage 
tank a crystal free solution, that is kept a few degrees above its freezing point, is 
pumped through a heat exchanger to a crystallizer with a volume of 2 liters. In  the 
heat exchanger the solution is cooled to the desired supercooling. The crystallizer 
is provided with a three bladed propellor in an offcenter position. In  order to be 
able to vary the magma density independently of the feed supercooling, both a 
product suspension stream and a crystal free solution are withdrawn from the crystal- 
lizer. The crystal free solution is pumped to the storage tank. 

The suspension is withdrawn semi-continuously by means of a pipe that can be 
moved in and out of the suspension by means of a motor. This pipe is connected to 
a vacuum system. The dip frequency is controlled by a level indicator that operates 
the motor. By means of this system the suspension volume in the crystallizer can be 
kept constant within 2.6%. After the ice crystals in the suspension have melted in 
a heat exchanger, the solution flows to the tank. To compensate for the energy of 
mixing the crystallizer is externally cooled by means of a cooling mantle, such that 
i t  works adiabatically a t  the desired operating conditions. 

3.2. Crystal size measurement 

The effective crystal diameter d,  is defined as the diameter of a sphere with the 
same specific surface as the crystals: 

6 d = -  
S p '  
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Fig. 1. Experimental set-up 

The specific surface ofthe ice crystals can be calculated by means ofthe Carman- 
Ergun equation from the permeability K and the porosity e of a packed bed 
made from the product crystals; for Re < 5 :  

The porosity is determined from the dextrose concentration of the filtrate C, 
and the overall dextrose concentration of the bed Cm. This overall concen- 
tration of the bed is the value obtained once the bed, filled with filtrate, is 
melted. 

e =  1 +  -- [ (cs; 1 ) % 1 '  

In  this equation el and ,o! are the specific weights of respectively ice and fil- 
trate. 
For laminar flow (Re < 5 )  through packed beds the permeability can be cal- 
culaetd from Darcy's law : 

in which p is the viscosity, u is the superficial velocity of the filtrate, H is the 
height ofthe bed and A P  is the pressure drop over the bed. 

The value of 5 in eq. (13) is the most commonly used value for the permeability 
constant k'. Theoretically V depends on the shape of the particles and the 
tortuosity ofthe pores in the bed. COULSON measured permeabilities of beds with 
particles of different shapes and sizes. He found values of k' between 3.4 and 
5.8, but did not find any dependency of k' on the shape or size of the particles. 
It has also been suggested (SHERWOOD, BRIAN) that k' should be dependent on 
the particle size distribution. Experiments in our laboratory with glass beads of 
various size distributions, however, showed k' to be independent of the particle 
size distribution. 
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3.3. Crystal shape measurements 

In order to determine the shape of the product crystals, representative samples of 
the suspension at  steady state conditions were placed under a microscope and photo- 
graphed. To prevent melting or growing of the crystals the microscope was placed 
in a thermostated air box that was kept within 0.1 "C of the freezing point of the 
suspension. 

3.4. Supercooling measurements 

Temperatures of feed stream and suspension are measured by means of an N. T. C. 
thermistor. The feed supercooling is defined as the difference between the suspension 
temperature and the temperature of the feed stream. The suspension supercooling 
is measured from the temperature increase in the suspension after the feed stream 
is stopped. The supercooling of the suspension is measured at 9 different locations 
in the crystallizer. The bulksupercooling AT, is calculated by averaging the local 
mean supercoolings. With the N. T. C. thermistor, temperature differences can be 
measured with an inaccuracy of about lo-' "C. 

3.5. Experimental results 

The effective crystal diameter and the bulksupercooling have been measured for 
various combinations of the following independent variables : c b ,  z, feed super- 
cooling AT,, volumetric feed rate @,, and the impeller speed nr. The ranges in 
which these operating variables are varied are given in Table 1. 

Table 1 
Operating variables 

variable 
~~ 

varied between 

1-2 "C 
0.6 - 8 cm* a 8 - l  

400 - 4000 6 
10-42 wt 
15-27 r p ~  

The measurements of d, were always carried out a t  a time larger than 3 t  
after the onset of the experiment. Calculations that were carried out to deter- 
mine the variation of the crystal size distribution with time showed that in many 
cases values of d, at  3 z were within 10% of the steady state values, although the 
distribution would still become considerably wider after 3 z. The results of these 
calculations depended however, upon the initial conditions which cannot be 
known. By determining the steady state value of d, after 3 z probably only a 
minor error is made due to the omission of the largest crystal sizes that would 
have been found at  times > 3 G. 

The results are compiled in Table 2. The run-number is indicated in column 1. 
The independent variables AT,, @,, t, cb, and 12 r are given in the columns 2 
through 6 respectively . The weight fraction of crystals X is calculated from a 
heat balance over the adiabatic crystallizer: 

in which cpf is the specific heat of the feed solution and V is the total suspension 
volume. X has also been determined directly by measuring the dextrose concen- 

ATJ@,ezcp,=e.u,x V A H b  = & ,  (14) 
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1 
'd 
3 
4 
5 
6 
I 
8 
9 

10 
11 

13 
14 
15 
16 
11 
18 
19 

i a  

so 
a1 
aa 
as 
a4 

a6 
27 
a8 
as 

3a 

25 

30 
31 

33 
34 
35 
36 
31 
38 
39 
40 
41 

43 
44 
45 
46 
47 
48 
49 

4a 

Table 2 
Experimental results of ice growth in dextrose solution 

0.4 
9.05 
8.05 
8.3 
a.3 

8.15 
8.0 
0.0 

2-15 
8.15 

1 .o 
0.0 
0.9 
1.1 
1 .o 

.95 

.8 
a.a 
a.0 
9.0 

9.0 

8.1 
8.0 
8.0 
8.a 
8.0 
8.0 
a.0 
8.0 
a.1 
8.0 

8.0 
8.1 
a.1 

1.0 

1.1 

1.s 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.8 
8.0 
0.8 
1.1 
0.s 
1.1 

4.15 
10.1 

3.5 
3.1 

3.8 

-65 
1.4 
9.4 
7.1 
8.4 
5.35 
5.a 
8.8 

1.a 

5.3 
5.1 

1.8 
5.0 
5.0 
5.1 
5.0 
1.5 
4.s 
1.1 
1.1 
5.1 
1.1 
1.15 
8.3 
1.8 

8.1 
1.35 

9.1 

3.7 
5.0 

1.7 

5.0 
'1.3 
1.4 
4.s 
5.4 

8.1 
4.6 
4.6 

4.0 
6.0 
6.5 

4.a 

4.a 

'lee 
(8) 

8851 
606 

4651 
1111 
616 

3071 

- 

39ai 
3988 
616 
160 
I69 

1156 
1333 
3185 
ass1 
sass 
ssaa 

aooo 

8ao 
i6a6 

as86 
a973 

m a  
1194 

1770 

840 

830 

580 
1818 

641 
1661 
441 

1818 
935 
4516 
sea 
800 

1515 
7 04 

1481 

1111 

1550 

iaso 
i85a 

ism 
a380 
w o o  
siao 
iaoo 

81.3 
86.3 
81.6 
86.0 
86.0 
a m  
a6.3 
81.0 
a4.1 
a5.0 
94.3 
86.3 
86.3 
87.3 
86.1 
a m  
95.0 
a9.i 
89.7 
as.6 
as.a 
as.8 
as.5 
a9.1 

39.1 
a9.5 

99.1 
as.0 
a8.s 
a8.s 
88.0 
a8.8 
09.3 
a9.1 
a9.1 

$9.1 
89.7 
as.8 
a9.8 

30.1 
30.6 

30.0 

39.7 

41.8 
41.6 
41.3 
49.0 

10.0 
10.9 

ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 
ao 

ao 
ao 

80 

15 
15 
15 
15 
15 
15 
15 
15 
15 
15 
15 
'67 

81 
81 

a1 

$7 
a1 
a7 
a1 
a1 
a1 
a7 
a1 
a7 
ao 

ao 
so 

30 
80 
so 

X 
wt%) 

15.9 
7.3 

16.9 
5.4 
8.5 
3.3 
6.1 

10.5 
4.9 
1.1 
3.4 
3.0 
5.0 
9.9 
6.5 

10.3 
3.0 
9.7 
9.8 
4.5 

2.8 
3.4 

3.1 

a.5 
8.3 

a.3 

8.9 

8.8 

3.0 

3.3 

4.0 
6.6 

3.9 
6.5 
3.5 
3.3 
4.9 

8.8 

8.8 

5.4 

3.s 
3.6 

1.9 
5.1 
6.0 
3.1 
5.6 
7.0 
6.5 

. o m  

.oiia 

.oaw 

.oias 

.oao4 

. o m  

.0100 

.0119 

.Ol34 

.OM9 

.OlSS 

.OM1 

.0177 

. o m  

. o m  

.OMO 

.OM5 

.0168 

.0194 

.0109 

.OW1 

.0113 

.0146 

.Ole6 

.0094 

.Ole8 

.0196 

.0108 

.0100 

.0156 

.0108 

.0143 

.OM5 

.0088 

.OH6 

.0165 

.OM8 

.OM5 

.0130 

.om0 

.0106 

.0096 

.0115 

.0144 

. O M 0  

.oosa 

.oiac 

.oiaa 

.oa89 

- 
A T 0  
( 'C) 

.010 

.OOlO 

.OM5 

.008 

.0085 

- 
. o m  

.om0 

.oia 

.OM 

. o m  

. o m  

.011 

.OM5 

.0093 

.0084 

.oos3 

.0065 

.om1 

.0110 

. o m  

.03ai 

.0181 

.OW8 
.0147 
.018S 
.060 
.0119 
. o m  
.oa50 

.oaii 

. o m  

. o m  

.oam 

.oa5i 

. o a ~  

.OM1 

.0363 

.OM1 

.OW6 

.Ole7 

.om1 

.0158 

.om1 
.oso 
.033 
.oai 
.oao 
.006 
. O l l  

50.5 
46.1 
50.6 
31.8 
18.1 
s.3 

96.3 
81.5 

a6.s 
38.0 

40.3 

01.4 
80.3 

41.8 

89.1 

91.1 
ia.4 

38.0 

17.7 
14.3 

30.4 

11.1 

36.0 

16.5 
8.3 

10.0 

9,s 
12.1 
19.4 

30.5 
11.1 
19.6 
37.3 

353 

38.1 
14.1 
a8.a 
93.5 
165 
11.8 
16.7 

10.5 
40.3 
41.0 

1a.a 

90.3 
$9.3 

ia.9 
13.6 

30.1 
344 

108 
151 

11.0 

5.3 
7.4 

11.0 
i a i  

30.0 
31.1 

93.1 
68.0 

10.1 
10.6 
9.0 
4.9 

28.8 
46.8 

161 
133 

115 
1.0 

14.0 
0.0 

10.8 
6.1 

a58 

88.8 

4a.4 

as.6 

306 

160 

143 
486 
41.4 
84.8 
30.1 
18.5 

30.3 
36.5 
18.9 

06.9 

130 
a16 
35.a 
m.4 
0.0 
1.8 

tration of the crystal free solution and of the suspension after melting. The 
values of X determined by the two methods are averaged and compiled in 
column 7. The mean deviation from the average values is 8%. The d, measure- 
ments for most runs are carried out in duplicate. The average values of d, arc 
indicated in column 8. The mean deviation from the average values is 2.9%. 
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The bulk supercooling is indicated in column 9. The total crystal surface per 
unit volume of suspension k a p 2 is calculated from : 

Values of k a ,u 2 are given in column 10. 
From representative samples of crystals obtained in the runs 35, 39, and 40 

crystal shape factors have been determined. The crystals appeared to have the 
shape of flat disks. The height over diameter ratio f was approximately con- 
stant for the crystals from all three runs. The average value o f f  was found to 
be 0.26, as is indicated in Figure 2. For the calculations the shape factors k a 

k a p 2 = 6 X esu8pl(de el )  . (15) 

radius r 

Fig. 2. Shape of ioe cryfltals aseumcd for tlic 
calculations for ice growth in dextrose solutions. 
I = ht/2 r = 0.26 

and k w, as defined in eq. (l l) ,  will be related to the disk radius r .  This yields 
9.56 and 1.64 for k a and k v respectively. 

The experimental data will be plotted versus various operating variables in 
the following figures. For the sake of clearness these data will be lumped into 
groups that will each be indicated in the figures by means of one symbol. The 
following groups have been distinguished: runs 1-17 (i?b = 26.0, n r = 20), 
runs 18 and 19 (C, = 29.4, n r = 201, runs 20-30 (Cb = 29.7, n r = 15), 
runs 31 -43 (cb = 29.5, n r = 27), runs 44-47 ( c b  = 41.5, n r = 201, and runs 
48 and 49 (I?* = 10.4, n r = 20). 

In  Figure 3 the effective crystal diameter is plotted versus the mean crystal 
residence time. The parameters in this graph are the impeller speed and the 
weight percentage of ice in the crystallizer (indicated for every data point). 
The effects of @, and A T,  appeared not t o  be significant and these parameters 
are therefore not indicated. Notwithstanding the scatter in data points it can 
be concluded from Pigure 3 that d, increases less than linearly with increasing t. 
Furthermore d, seems to  increase slightly with increasing X. It can also be 
concluded that at constant t and n r, d, increases with decreasing Cb. From the 
data for n r = 15 and n r = 27 it can be seen that d, seems to decrease with 
decreasing n r.  

In  Figure 4 the bulk supercooling is plotted versusz, with n r and Cb as para- 
meters. The influences of @,, AT,, and X upon the relationship between A Tb 
and t are negligible. Figure 4 clearly shows that A Tb increases with decreasing t. 
By comparing the data points for n r = 27 and n r = 15 at constant Cb and t 
it can be seen that A Tb increases only slightly with decreasing n r.  From the data 
for n r = 20 it can be seen that A Tb increases considerably with increasing Cg. 

- 

3.6. Growth kinetics 
The total volume of ice crystals that is produced per unit time and per unit 
crystallizer volume can be expressed by : 
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in which c1 is a constant depending upon the particle shape. For the following 
calculations the growth rate, moments of the size distribution, and shape fac- 
tors will be defined in terms of the disk radius r .  For a disk shaped crystal with 
a constant height over diameter ratio of 0.26, c, equals 4.9. For comparison 
between theory and experiments an area averaged growth rate in the fastest 
growing direction (indicated by subscript a) ia is defined : 

- - - 
va = J v,(r) n ( r )  r2 dr /  J n(r)  r2 dr . (17) 

0 0 

Equation (16) can then be transformed to: 

k v h  = c 1 V , p 2 ~ .  

From the definition of the effective diameter d, (eq. 12) a simple expression for 
v, can be derived: 
- 

- 
va = de/(3.04t) . (18) 

From the experimental data values of V ,  have been calculated by means of 
eq. (18). The results are plotted versus the bulksupercooling in Figure 5. The 
parameters in this graph are the stirring rate and the weight percentage of dex- 
trose. From Figure 5 it can be seen that the area averaged growth rate is approxi- 
mately linearly proportional t o  the bulksupercooling. Furthermore i, i ncrc ase 
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with increasing stirring rate and with decreasing dextrose concentration. From 
the experimental data the following correlations can be determined : 

These experimentally determined growth rates will now be compared to theoreti- 
cal values of the area average growth rates. Therefore the integrals of eq. (17) 
are calculated numerically after solving the population density balance, eq. (9). 
These calculations are carried out for every experiment. The linear growth rate 
v, = v,(r) in eq. (9) is calculated from eqs. (l), (2), (3), (5), and inbuilding kinetics 
relationship eq. (4) for ice dendrites growing in flowing water. 

The theoretical values of V appeared to be a factor of 5 larger than the experi- 
mental values. HARRIOTT, and SHERWOOD, BRIAN also found that experimentally 
determined growth rates of suspended crystals growing from salt solutions were 
a factor of 2 to 10 lower than theoretically predicted ones. They attributed these 
differences to an appreciably higher inbuilding resistance than would be predic- 
ted from other literature sources. The discrepancy between theoretical and 
experimental values can most likely be attributed to the very speculative use of 
the inbuilding kinetics relationship eq. (4). For growth of ice crystals in dex- 
trose solutions a different inbuilding kinetics relationship can be expected for 
a number reasons: 

1)  Dextrose molecules at high concentration may increase the inbuilding resis- 
tance considerably by preferential adsorption a t  growth sites and by de- 
creasing the rate of surface diffusion. 

2) In the stirred vessel partial melting of crystals may occur occasionally in 
areas of small supercooling. Partial melting of crystals can give rise to sur- 
face pitting. Dislocations that are formed this way cause the inbuilding 
resistance to decrease. 

3) Eq. (4) was determined for supercoolings between 0.1 and 0.5 "C. The super- 
coolings in the stirred vessel are in the order of 0.005 to 0.05 "C. 

4) The hydrodynamic conditions around freely suspended crystals in a stirred 
vessel are quite different from those of forced convection around a fixed den- 
dritically growing ice crystal. I n  a stirred vessel dislocations might arise from 
collisions of crystalls with the stirrer or with each other. Due to this effect 
the inbuilding resistance for growth in stirred vessels can be expected to be 
be lower than for growth of a fixed dendritical crystal. 

It was therefore attempted to obtain a good fit between experimental and 
theoretical growth rates by varying in the theoretical calculations the expres- 
sion for the inbuilding kinetics. A general expression is used of the form : 

By means of trial and error it has been found that the best agreement between 
all experimental and theoretical growth rates is obtained for a value of the ex- 
ponent p = 1 and a concentration dependency of the inbuilding rate constant 
k r.  The values of k r for which the best fit between experimental and theoretical 
growth rates are obtained are given in Table 3 together with the appropriate 
values of n r and C,. The number of experiments that have been used to obtain 

v = k r  AT:. (20) 
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Table 3 
Values of the rate constant k r for first order inbuilding 
kinetics 

0.1610- 

0.201, 
0.261~- 

0.6910- 
0.1810- 
0.8210- 

16 
20 
27 
20 
20 
20 

number 
cb(wt %) I ofexps. 

’ 29.7 
26.0 
29.6 
10.4 
29.4 
41.6 

11 
17 
13 
2 
2 
4 

these average k r values is indicated in the last column. In  Figure 6 the experi- 
mentally determined area averaged growth rates are compared to the theoretical 
ones calculated with the values of k r from Table 3. From the data in Table 3 it 
can be seen that the inbuilding resistance increases slightly with decreasing n r.  
The effect of dextrose concentration on k r is graphically represented in Figure 7 
on a semi-logarithmic scale. The relationship between k r and cb for n r = 20 
can be approximated by : 

k r = 1.4510-~ ezp-O.OS cb . (21) 

70” 
v0 erperimentoI (an.s-7) 

Fig. 6. Comparison between experimental and theoretical area averaged growth rates 
ot ice in dextrose solutions. 

iir ct 
0 15 29.7 
A 20 26.0 
x 27 29.5 

- 
nr cb 

A 20 10.4 
0 20 40.5 

+ 20 29.5 

53 Krietall/TechnUr, Bd. 8, H. 7 
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Fig. 7 .  Influence of dextrose concentration upon rate constant for first order kinctics. 
8 ,  = k r A T i  O n r = 1 5 ;  A n s = 2 0 ;  x n r = 2 7  

From this equation it follows for the linear growth rate in the a-axis direction : 

V, = 1.45101 cb A T, . (22) 
The increase of k r with increasing cb can be explained in a number of ways : 

- if dextrose molecules adsorb at growth sites, increasing cb yields a smaller 
fraction of the total area available for growth ; 

- increasing the dextrose concentration decreases the diffusion coefficient of 
water molecules at the interface, and consequently decreases the rate of 
surface diffusion ; 

- with increasing 0, the relaxation time for inbuilding of water molecules 
increases. This relaxation time is the time that is necessary for water mole- 
cules to break away from their liquid structure in which certain intermole- 
cular forces between water and dextrose molecules exist. 

It has to be remarkgd that inbuilding kinetics relationship eq. (22) has been 
derived for growth in the a-axis direction. Because of the constant value of the 
shape factor f of 0.26 that is assumed, the inbuilding kinetics for the c-axis 
direction can be expressed by : 

v, = o.4610- ezppo.O3 cb AT, . (23) 
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For ice crystals growing from pure water (HUIGE) the area averaged growth 
rates determined by means of the theoretical growth model using inbuilding 
kinetics relationship (4), are only 18% larger than the experimental values. 

'3.7. Nucleation kinetics 

The net rate of nucleation J, i. e. the total number of crystals produced per unit 
volume and per unit time can be calculated from the following heat balance : 

J kvru, V el AH/po = Q . (24) 
Since one would like to express k v h / p o  in terms of de a linear relationship 
between k v h/p,, and de is assumed: 

k v h I h  = C e $ .  (25) 

From the calculation of crystal size distributions by means of numerical inte- 
gration of eq. (9) as described above, it appears that for every kinetic relations- 
hip that is used, cg is approximately constant for the entire range of experimen- 
ta l  conditions. By using the inbuilding kinetic relationship eq. (22) an average 
value of cg = 0.297 results. The standard deviation from this value for runs 1 
through 49 amounts to 0.012. 

The valuess of J calculated by mean of eq. (23) and (25) and with c, = 0.297 
&re presented in the last column of Table 2. 

I n  Figure 8 J is plotted versus t for n r = 27 and a, = 29.5 with V as a 
parameter. J decreases strongly with increasing t, while higher values of J are 
found a t  larger magma densities. Similar graphs are found for n r = 20 and 
n r = 15 rps. From these graphs the influence of n r upon J is determined for 
various combinations of V and t. The results are given in Figure 9. 

It is evident from Figure 9 that the influence of the stirrer speed on J is much 
less then the influences of V and t. The crystallization experiments that were 

Fig. 8. Nucleation rate of ioe c r y h l ~  in 30 w t  % 
dextrose solution8 veraua mean crystal residence 
time with weight peresntoge of ice aa a parameter. 
nr = 21 (IS'); - x r 3 ;  - - - X"4.5 
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Fig. 9. Nucleation rate of icc crystals in 
dcxtrosc solutions Torsus impeller speed 
with ice percentage and mean residence 
time as parametcrs. 

T(8) S(Wt7b) 
1 600 4.5 
2 OIl(1 3.0 
3 800 4.5 
4 800 3.0 
5 1200 4.5 
6 1200 3.0 
7 2000 4.5 
8 2000 3.0 

carried out in our laboratory (HARRIOTT) with pure water showed a similar 
dependency of J on r and X. 

Theory predicts that the nucleation rate due to crystal breakage depends 
linearly on the power input of the impeller per unit mass of suspension. The 
power input is porportional t o  the impeller speed to the third power. From the 
minor influence qf n r on J that is found experimentally it can therefore be 
concluded that nucleation due to this mechanism can only have a small effect 
on the total number of crystals formed. The power required for nucleation due 
to shearing off dendrites or parts of a structured surface layer is much smaller 
than that required for breakage of crystals. It is possible therefore that already 
at the lowest shear forces that are encountered, a nucleation rate results that 
does not increase with further increase of the shear force as long as nucleation 
mechanism 3 does not occur. Nucleation of ice crystals from solutions a t  super- 
coolings in the order of 0.01 "C is not likely to occur by mechanism 2 since the 
size of a critical nucleus at  these supercoolings is approximately 3.5 pm. If 
these nuclei would have been formed from parts of the adsorption layer or some 
other ordered layer around the crystal this layer would be in the order of lo8 
molecules thick. 

Since for nucleation mechanism 1 the total crystal surface per unit volume of 
suspension and the bulksupercooling are important variables, a correlation of 
the following form will be used : 

J = k n ( k  a p2)" AT: . (26) 
For the equation : In J = m 2 In ( k  a p2 A T;"" *) + In k n the best values m 2 
and In (k n) are calculated with the least square deviation method for various 
values of p1m 2. The minimum value of the least square deviation is found for 
p/m 2 = 2,l .  This yields : 

J = 7.8210. k a p2 AT:". (27) 
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This correlation supports the presumption that nucleation takes place by 
mechanism 1, for which a linear dependence between K and k a pz can be ex- 
pected. 

By combining eqs. (12), (18), (19), and (27) relationships between d6 and z 
and A TL and z can be derived. Knowledge of the value of c1 is not necessary for 
this derivation. The results are : 

- 
n r = 20 ,  C, = 26.0 ' 

d, = 2.8710- 
AT,  = 2.8 2-0.711 

These relationships are drawn as solid lines in Figures 3 and 4. The curves seem 
to cover the data points reasonably well. 

The fact that generally there is good agreement between eq. 28 and the data 
point justifies the lumping of data points that  are used to  obtain the general 
correlations. 
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