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We consider the estimation of the error variance of a linear regression 

model where prior information is available in the form of an (uncertain) 

inequality constraint on the coefficients. Previous studies on this and other 

related problems use the squared error loss in comparing estimators' 

performance. Here, by adopting the asymmetric LINEX loss function, we derive 

and numerically evaluate the exac t  risks of the inequality constrained 

estimator and the inequality pre-test estimator which results after a 

preliminary test for an inequality constraint on the coefficients. The risks 

based on squared error loss are special cases of our results, and we draw 

appropriate comparisons. 

I. INTRODUCTION 

Often, when est imat ing the parameters  of a regress ion model, a priori 

information is available in the form of inequality constraints  on the 

regression coefficients. Since it was first discussed by Zellner (1961), the 

efficiency of the inequality constrained least squares (ICLS) estimator 

relative to the ordinary least squares (OLS) estimator has received much 

attention (see Judge and Yancey (1986) and the references therein). There is 

also a substantial literature associated with the inequality pre-test (IPT) 

estimator which arises when estimation is conditional upon the outcome of a 

preliminary test of an inequality hypothesis (e.g., Judge and Yancey (1986), 

Yancey et al. (1989), Wan (1994, 1995, 1997)). 

Much of the exis t ing l i te ra ture  on inequality constrained and p re - t e s t  
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es t imat ion emphasizes the es t ima tors  of the regress ion coef f ic ien ts .  In 

pract ice,  the regress ion  e r ro r  variance is also of in te res t  in r e spec t  of 

confidence interval  and hypothesis  t e s t  construct ion.  Until recent ly ,  l i t t le  

is known about the es t imators  of regress ion  e r ro r  variance in models with 

inequality cons t ra in t s .  Wan (1994, 1996), among other  things, evaluated the 

risk cha rac t e r i s t i c s  of the inequality const ra ined and p ro - t e s t  e s t ima to r s  of 

the e r ro r  variance under the squared e r ro r  loss measure. A somewhat  re la ted  

problem was discussed in Ohtani (1991). 

Being symmetr ic ,  the squared e r ro r  loss funct ion imposes equal penalty on 

over -es t imat ion  and under -es t imat ion  of the same magnitude. However, 

under -es t ima t ion  of the e r ro r  variance leads to an overs ta tement  of the 

goodness of f i t  measure in the es t imat ion sample, and is arguably more serious 

than over -es t ima t ion  of the same magnitude. Yancey e t  at .  (1989) also 

suggested tha t  in the case of p r e - t e s t  e s t ima tors  based on one sided tes t s ,  

negative es t imat ion  e r ro r s  have g rea t e r  consequences than posit ive es t imat ion 

e r ro r s  of the same magnitude, and the l inear exponential  (LINEX) loss funct ion 

introduced by Varian (1975) is a convenient way of capturing such asymmetr ic  

e f fec t s .  Since Zellner (1986) es tabl ished the s ta t i s t i ca l  p roper t i e s  of the 

LINEX loss function,  numerous studies have considered the use of the LINEX 

loss in various es t imat ion and predict ion problems. Recent examples are 

Pars ian (1990), Srivastava and Rao (1992), Giles and Giles (1993), Pars ian  and 

Fars ipour  (1993), Pars ian e t  at.  (1993), Takagi (1994), Cain and Janssen 

(1995), Ohtani (1995, 1999), Zou (1997), Wan (1999) and Wan and Kurumai 

(1999). 

In this  paper,  we consider the es t imat ion of the regress ion  e r ro r  

variance by adopting the LINEX loss, a f t e r  a p r o - t e s t  fo r  an inequality 

cons t ra in t  on the model 's  coeff ic ients .  The exact  r isks of the e s t ima to r s  are 

derived and numericaliy evaluated. The numerical  evidence sugges ts  tha t  the 

resu l t s  es tabl ished in the l i t e ra ture  are robust  only to mild depa r tu res  f rom 

squared e r ro r  loss, and as the degree of asymmetry  increases,  r a t h e r  d i f f e r en t  

resu l t s  emerge. 

2. NOTATIONS AND THE ESTIMATORS 

We are concerned with es t imat ing the pa rame te r s  in the following model, 

y = X/3 + r r ~ N(0, o'21) (2.1) 

where y and r a re  n x 1 vectors; X is a non-s tochas t ic  n x k ma t r ix  of full 

column rank; ~ is an unknown k • 1 coef f ic ien t  vector.  The (uncertain) prior  
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i n f o r m a t i o n  a v a i l a b l e  to  t h e  i n v e s t i g a t o r  is r e p r e s e n t e d  by, 

H : C'/3 - r ,  (2.2) 
0 

w h e r e  C '  is a I x k known v e c t o r  and  r is  a known s c a l a r .  

For  p u r p o s e s  o f  conven ience ,  we fo l low Judge  and  Yancey  (1986) and  

t r a n s f o r m  (2.1) and  (2.2) as ,  

y = H 0 + c  

and  

H : 0 -- r (2.3) 
0 1 0 

r e s p e c t i v e l y ,  w h e r e  H = XS-1/ZQ'; o = QSWZt3; S = X'X;  o is  t h e  f i r s t  e l e m e n t  
1 

of  0; r is a p o s i t i v e  s c a l a r  m u l t i p l e  of  r;  and  Q is an  o r t h o g o n a l  m a t r i x  
o 

s u c h  t h a t  QS-1/ZC(C 'S-1C)-1C 'S-1/zQ ' = . 

The i n e q u a l i t y  c o n s t r a i n e d  l e a s t  s q u a r e s  (ICLS) e s t i m a t o r  o f  0 is  g iven  

by, 

"" )(~110" ~ ~ 0 = I(_~, r + I{r ~1(81)0 , 
o o '  

" O' ) '  is t h e  w h e r e  0 = H ' y  is  t h e  u n r e s t r i c t e d  e s t i m a t o r  o f  O, 0 = (ro '  (k-l) 

e q u a l i t y  c o n s t r a i n e d  l e a s t  s q u a r e s  (ECLS) e s t i m a t o r  of  O, 0 and  0 a r e  
1 ( k - l )  

r e s p e c t i v e l y  t h e  f i r s t  and  r e m a i n i n g  k-1 e l e m e n t s  o f  O, and  I (u) is  an  
( . )  

i n d i c a t o r  f u n c t i o n  w h i c h  is  1 i f  u f a l l s  in t h e  s u b s c r i p t e d  i n t e r v a l  and  0 
~ o  

o t h e r w i s e .  The  e s t i m a t o r  of  r c o r r e s p o n d i n g  to  0 is ,  

o-"z = I(_,~,~ ~(ollo "'2 + I{~ ,~i(~1)~'z , (2.41 
o o 

w h e r e  ~r z = e ' e / ( v + ~ )  and  r = e ' e  /(v+~') a r e  r e s e p c t i v e l y  t h e  u n r e s t r i c t e d  
2 I 

and  e q u a l i t y  r e s t r i c t e d  e s t i m a t o r s  of  r  e and  e a r e  t h e  r e s p e c t i v e  v e c t o r s  

of  r e s i d u a l s  c o r r e s p o n d i n g  to t h e  u se  o f  0 and  0 ~ o f  0, and  v = n - k. T h r e e  

c o m m o n  c o m p o n e n t  e s t i m a t o r s  c o r r e s p o n d  to  f i x i n g  8 = ~" = k f o r  t h e  m a x i m u m  

l ike l ihood (ML) e s t i m a t o r s ;  5 = 0, ~- = 1 f o r  t h e  l e a s t  s q u a r e s  (LS) 

e s t i m a t o r s ;  and  8 = 2, ~" = 3 f o r  t h e  m i n i m u m  m e a n  s q u a r e d  e r r o r  (MM) 

e s t i m a t o r s .  

Given t he  u n c e r t a i n t y  o f  t he  c o n s t r a i n t  r e p r e s e n t e d  by (2.3),  a 

~- r vs.  H : O < r m a y  be c o n d u c t e d  u s i n g  t h e  preliminary t e s t  of H ~ : 01 o 1 1 0 

r0) / (o~/~  + 6} ~ t'(v,Tlz), w h e r e  z Tz / (2 r  z) is t h e  test s t a t i s t i c  t = V~(~ 1 -- 

non-centrality parameter and T = r - O. Note that T -< 0 when the inequality 
o I 

constraint is correct and vice-versa. We reject H if t < c and estimate 0 
o 

and o "z by O and  ~r z r e s p e c t i v e l y ,  w h e r e  c < 0 is  t h e  s i ze  - ~ c r i t i c a l  va lue  

f o r  t h e  S t u d e n t ' s  t v a r i a t e  w i t h  v d e g r e e s  o f  f r e e d o m .  A l t e r n a t i v e l y ,  we do 

no t  r e j e c t  H i f  t ~- c, and  u se  0 and  o- T h i s  m e a n s  t h a t  i n e q u a l i t y  
0 

2 
p r e - t e s t  (IPT) e s t i m a t o r s  o f  O and  r a re ,  
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8 = l(_~,cl(t)O + lle,ml(t)e'" 
and 

^2 (_oo,c)(t) + I e,ool(t)~"2 (2.5) o" = I ~2 

respectively.  When c ~ O, the unres t r i c t ed  es t imators  are  always chosen 

regard less  of the outcome of the p r e - t e s t .  Among other things, Wan (1994) 
')))2 ~2 

derived the r isks of r and associa ted with the ML family of component 

es t imators  under squared e r ro r  loss. Wan (1996) general ized this  analysis  to 
~ ~2 

the case where o" and are based on the LS and MM families of component 

es t imators .  

The squared e r ro r  loss function is symmetr ic  with respec t  to posit ive and 

negative es t imat ion e r rors .  Zellner (1986) discussed si tuat ions where  a given 

positive es t imat ion e r ro r  may he more ser ious than a given negative es t imat ion 

e r ro r  of the same magnitude, or vice versa. Varian (1975) introduced,  in his 

study of real  e s t a t e  assessment ,  an asymmetr ic  loss function known as the 

LINEX loss which r i ses  approximately exponential ly on one side of zero,  and 

approximately l inearly on the other  side. The LINEX loss funct ion may be 

wr i t t en  as, 

b(exp(aV)- aV- 11 , (2.6) 

where ~7 = (~2 _ 02)/02 denotes the es t imat ion e r ro r  in using ~2 to es t imate  
z 

r  a (~ O) is a shape paramete r  and b (> 0). This loss funct ion reduces to 

the squared e r ro r  loss funct ion for  small values of l a l .  If a is positive, 

then over -es t imat ion  leads to la rger  losses re la t ive to under -es t ima t ion  of 

the same magnitude, and vice versa. For a full  discussion of the proper t ies  

of (2.6), see Zellner (1986). 

Several s tudies  have considered d i f f e r en t  es t imators  of the regress ion  

variance using the LINEX loss function.  For instance, Srivastava and Rao 

(1992) studied the risk of ~2 under LINEX loss and tabulated optimal choice of 

with respec t  to this  risk. It is found tha t  the optimal choice of 8 depends 

on both v, the model 's  degrees of freedom, and a, the asymmetr ic  pa rame te r  of 

the loss function.  Using the same loss, Giles and Giles (1993) considered a 

p r e - t e s t  of a set  of l inear equality r e s t r i c t i ons  on the coef f ic ien ts ,  and 

evaluated the r isks  of the associa ted p r e - t e s t  es t imators  of o ~z. Contrary to 

the resu l t s  obtained under squared e r ro r  loss (e.g., Ohtani (1988)), Giles and 

Giles showed tha t  when a < 0, these p r e - t e s t  e s t ima tors  can be s t r i c t ly  

dominated by the unres t r i c ted  es t imator  even if the cr i t ical  value is chosen 
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appropriately. 
~176 

Next, we derive and evaluate the risks of r 

loss function defined in (2.6). 

and ~2 under the LINEX 

3. RISKS OF THE ESTIMATORS 

As it stands, the LINEX loss function depends on a, the asymmetric  

parameter ,  and the scale parameter  b. As b is a fac to r  of proport ionali ty,  

without loss of general i ty,  we set  b to unity in our subsequent analysis. 

Now, under the s ta ted assumptions, the risks of r (the unres t r ic ted  

est imator) ,  r176 (the equality r e s t r i c t ed  est imator) ,  r176 (the inequality 

res t r i c ted  est imator)  and [2 (the inequality p r e - t e s t  est imator)  are given by 

the following theorem : 

a 8  
+ -  - 1 (3.1) 

V+~ 

] [ v+~" ]cv+,/z _ ---a(1 _ ~" + tx /J )  
a j.  i ~+---7~_2~ ) v+~ 

T h e o r e m  I : 

" V + ~  . v / 2  

R(o'2) = exp(-a). [ v +-7~-:~_2aJ 

provided that  v + 8 - 2a > O. 

R(o "~ = exp{ aTZ 
o-Z(v+~r-2a) 

-1 

provided that v + ~" - 2a > O. 

C3.2) 

( ]cv'l" pr[ R(r "~ = exp a .[  ~+---7gTz~_2a j z < 7 r v+--772~-2a 
o-2(v+~,-2a) 

( 1 (  ) aT exp --cz/(2o -z) a't a( 1-2r ) 
- - - +  +i 

o'(v+~') 2v'~ o Z(v+~,) v+~" 

x Pr z < $ + Pr z > ~ . e x p ( - a ) . [ ~ )  + v+---8 

- t ] , ( 3 . 3 )  
J 

provided that v + ~ - 2a > 0 and v + ~ - 2a > 0, where z = (0 - O )/r is the 
I I 

standard normal variable. 

a.__~6 _ 1 _ 2 / ( 2 o 2  ) 
R([ "z) = Pr z > r . exp(-a).  ~ + v+~ 1 + exp 

x I (~)'(i!l- r ( ~ ) 2 " -  . exp(-a). ~ 
i=0  
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A+I v. a v ( ~ - ~ ' )  (i+l v+2.  a ( i + i )  . i+3 v. 
x I c t -~- ,~)  - (v+~')Cv+6)  Ic " 2 - ' - - - Z ~  - (v+~') Ic { -2 - ' 2 )  

I i I 

+ e x p ( - a ) ,  i - ~ 1  . I - Ic21-~--'gJJ + ~ - i , 

(3.4)  

p rov ided  t h a t  c < O, v + 6 - 2a  > 0 and  v + ~" - 2a  > 0, w h e r e  I ( . , . )  is  t h e  

i n c o m p l e t e  Be t a  f u n c t i o n ,  c 1 = cZ/(v+c z) and  c 2 = cZ/  v+c2-2av / (v+8)  . 

The  p r o o f  o f  R(~r 2) is s h o w n  in 5 r i v a s t a v a  and  Rao (1992). The  r i s k  o f  
o2 . 

o- is a spec i a l  c a s e  o f  t h e  c o r r e s p o n d i n g  r e s u l t  g iven  in Gi les  a n d  Gi les  
^ 

(i993).  Append ix  A g i ve s  t he  d e r i v a t i o n  o f  R(o'2). The  r i sk  o f  o- c an  be 

de r ived  in a s i m i l a r  f a s h i o n ,  and  is a v a i l a b l e  upon  r e q u e s t  f r o m  t h e  a u t h o r s .  

F r o m  (3.3) ,  (3.4) and  t h e  r e s u l t s  g i ven  in Append ix  A, we o b s e r v e  t h a t  a s  

1: -> --co, R(o "*'2) and  R(s "2) c o l l a p s e  to  R(~r2), t h e  r i sk  of  t h e  u n r e s t r i c t e d  

e s t i m a t o r .  As -r -> co, t h e  r i s k  o f  o " ' ' 2  i n c r e a s e s  w i t h o u t  bound  whi l e  R(s "2) 

a p p r o a c h e s  R(~'2). With  some  t e d i o u s  m a n i p u l a t i o n s ,  i t  can  a l so  be s h o w n  t h a t  
^ 2  * ' 2  

as  c -> -oo, t h e  r i s k  of  o- a p p r o a c h e s  t h a t  o f  r Conver se ly ,  a s  c ~ 0, 

R(~ z) a p p r o a c h e s  R(r T h e s e  a r e  in a c c o r d  w i t h  t h e  r e s u l t s  u n d e r  s q u a r e d  

e r r o r  loss  (Wan (1994, 1996)). 

Wan (1996) s h o w s  t h a t  in t h e  c a s e  o f  a s q u a r e d  e r r o r  lo s s  f u n c t i o n ,  t h e  

r i s k  of  s a c h i e v e s  a m i n i m u m  a t  c = -v 'v (~ ' -c3) / (v+~) .  It  is  f o u n d  t h i s  
^ Z  

p a r t i c u l a r  va lue  o f  c a l so  r e s u l t s  in a s t a t i o n a r y  po in t  f o r  t h e  r i s k  o f  cr 

u n d e r  LINEX loss .  More s p e c i f i c a l l y ,  we have  t h e  f o l l o w i n g  t h e o r e m :  

T h e o r e m  I I  : 

ORC~Z)/Oc = 0 w h e n  c = 0, -oo o r  -v%C~--a ) / (v+6)  

In o t h e r  w o r d s ,  t h e  r i sk  o f  ~z a c h i e v e s  a s t a t i o n a r y  po in t  a t  c = 0, - m and 

a t  c = - v ' v ( ~ ' - 6 ) / ( v + ~ ) ,  i.e., c = 0 ( fo r  ML), c = - I  ( f o r  LS) o r  c = -VQ7(v+2)  

( for  MM). However ,  a s  we sha l l  see ,  t he  l a t t e r  va lue  o f  c m a y  m i n i m i z e  o r  

m a x i m i z e  t h e  r i s k  of  ~z, d e p e n d i n g  on t h e  va lue  o f  a and  t h e  c o m p o n e n t  

e s t i m a t o r s .  The  p r o o f  of  T h e o r e m  II is g iven  in Append ix  B. 

In o r d e r  to  b e t t e r  u n d e r s t a n d  t h e  r i s k  c h a r a c t e r i s t i c s  o f  b o t h  t h e  ICLS 
2 

and  IPT e s t i m a t o r s  of  ~ ,  we n u m e r i c a l l y  e v a l u a t e  (3.1) (3.4) u s i n g  t he  

fo l l owing  p a r a m e t e r  v a l u e s  : n = 20,  65, I00;  k = 2, 5, I0; a = -5 ,  -3 ,  - 0 . 5 ,  

0.5,  3,; and  v a r i o u s  v a l u e s  o f  c. The  G a m m a  and  I n c o m p l e t e  Be t a  f u n c t i o n s  a r e  

c a l c u l a t e d  u s i n g  s u b r o u t i n e s  f r o m  P r e s s  e t  aL  (1992), and  t h e  c u m u l a t i v e  

N o r m a l  d i s t r i b u t i o n  f u n c t i o n  is  c o m p u t e d  u s i n g  r o u t i n e  SISABF f r o m  t h e  NAG 
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l ibrary. Some rep resen ta t ive  resu l t s  appear in Figures 1 - 12. 

Figures l, 2 and 3 respect ively i l lus t ra te  the risks of the es t imators  

corresponding to the ML, LS and MM components when a = -0 .5  and v = 15. As 

expected,  the resu l t s  are  quali tat ively indist inguishable f rom their  

counterpar t s  under squared e r r o r  loss (Wan (1994, 1996)). Specifically, there  

is a class of p r e - t e s t  e s t ima tors  in the LS and MM famil ies  of component 

es t imators  such tha t  ~z and ~z simultaneously dominate all o ther  es t imators  
LS MM 

over cer ta in  regions.  This con t ra s t s  with the resu l t s  based on the ML 

components, where p r e - t e s t i n g  is never the best. With an appropr ia te  choice 

^z o ~̂ z and ~2 can be uniformly smaller  than of c, however, the r isks  of O'ML, LS MM 

those of their  corresponding unres t r i c ted  es t imators ,  and the p r e - t e s t  

es t imator  which uses c = - i  (for LS) or c = - r  (for MM) has the 

smal les t  risk in the family of p r e - t e s t  es t imators  which s t r ic t ly  dominate ~.z. 
^2 The la t t e r  f ea tu re  is highlighted in Figure 4, which depicts  the risk of r 
LS 

for  various values of c e [-1, 0]. 

As the loss asymmetry  increases ,  r a the r  d i f f e r en t  resu l t s  emerge. Firs t ,  

the sign of a is cr i t ica l  in determining the ranking of es t imators .  Our 

numerical resu l t s  indicate tha t  when using es t imators  f rom the LS or MM 

famil ies  of component es t imators ,  the es t imators  corresponding to c = 

-~/v(~'-8)/(v+8), i.e., c = -1 (for LS) or c = - ~ ( v + 2 )  (for MM), may maximize 

or minimize the p r e - t e s t  r isk depending on the sign of a. Figures 6 and 7 

show tha t  when a < 0 and as l al becomes relat ively large, for  cer ta in  values 

of c, the p r e - t e s t  e s t ima tors  of the LS or MM components can be s t r i c t ly  

dominated by the unres t r i c t ed  es t imator .  Within this  class of inequality 

p r e - t e s t  es t imators ,  the es t ima tors  corresponding to c = - i  (for LS) or c = 

- ~ ( v + 2 )  (for MM) have the larges t  r isks (see Figure 8). In contras t ,  when a 

> O and is suf f ic ien t ly  large, these p r e - t e s t  e s t ima tors  can yield risk 

uniformly smaller  than those of all other  inequality p r e - t e s t  es t imators  in 

the i r  respect ive famil ies ,  as shown in Figures iO to 12. It is also found 

tha t  when a < (>) 0, the range of T/o- over which we p re fe r  unres t r i c ted  

est imat ion to p r e - t e s t i n g  increases  (decreases)  as the degree of asymmetry 

increases.  

A somewhat con t ras t ing  fea tu re  is observed fo r  the ML component 
^2 es t imators ,  however. When a < 0, regard less  of the degree of asymmetry,  r 

oo 2 does not dominate both ~r z and o- simultaneously, and the family of ~z ML, s 
ML ML ML 

which dominate ~z when lal is small continue to do so as lal increases.  In 
ML ^Z 

fac t ,  for  moderate  levels of ~, the range of ~ / r  over which o- is p r e f e r r ed  
ML 
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~2 
to r increases  as a decreases .  In cont ras t ,  when a > 0 and a suf f ic ient ly  

ML 
asymmetr ic  loss funct ion is adopted, the unres t r i c t ed  es t imator  can have 

smaller risk than ; z  almost uniformly, except  if T/o- is small, then ~2 has a 
ML ML 

~2 
slight edge over C, ML. Some of these resu l t s  are  i l lus t ra ted in Figures 5 and 

9. 

It is also of in t e res t  to note tha t  when lal is small (i.e., 

under -es t imat ion  and over -es t imat ion  are  equally undesirable and the loss 

function is close to being symmetric) ,  the risk of the equali ty r e s t r i c t e d  

es t imator  assoc ia ted  with the LS component is U-shaped, while those of the ML 

and MM components are  moderately W-shaped. Such a behaviour is a t t r i bu t ed  to 

the bias and var iance t r ade  off  when using the equality r e s t r i c t ed  e s t ima to r s  

of the ML and MM components. Although biased at  T = 0, these e s t ima to r s  have 

smaller  variance than the corresponding LS est imator .However ,  when the re  are 

large losses associa ted  with under -es t imat ion ,  the risk funct ions  of the 

equality r e s t r i c t e d  es t ima tors  of all th ree  components become s t rongly 

W-shaped (Figues 5 - 7). This is because the equality r e s t r i c t e d  e s t ima to r s  

associated with all th ree  components are  biased u p w a r d s  when the equali ty 

cons t ra in t  is fa lse ,  which is somewhat  des i rable  when under -es t imat ion  is more 

serious. Hence, the r isks of the equali ty r e s t r i c t ed  e s t ima to r s  decrease  

initially as IT/o" I increases  f rom zero. However, as the violation of the 

equality cons t ra in t  increases  fur ther , ,  the loss associated with the upward 

biased es t ima tors  begins to dominate any gains f rom over -es t imat ion  and the 

r isks r ise  without  bound. On the other  hand, when over -es t imat ion  is more 

serious , the r isk funct ions of o"Z's are  again U-shaped (Figures 9 - 11) as 

there  is no gain f rom over -es t imat ing  the e r ro r  variance. 

Similar arguments  hold fo r  the behaviour of the inequality r e s t r i c t ed  

es t imators .  We observe f rom Figures 5 to 7 tha t  the risks of the inequality 

r e s t r i c t ed  e s t ima to r s  f i r s t  decline when the inequality cont ra in t  is violated 

(T/o" > 0) and under -es t imat ion  is considered to be more serious. Again, the 

upward bias of the inequality r e s t r i c t ed  e s t ima to r s  in the neighbourhood of 

T/o" = 0 f i r s t  o f f s e t s  the loss associa ted  with over-es t imat ion ,  though 

eventually the cost  of upward bias dominates as T / r  increases  f u r t h e r  and the 

risks of the inequali ty r e s t r i c t ed  es t ima tors  then increase without bound. 

Finally, o ther  things being equal, an increase in v, the model 's  degrees 

of freedom, reduces  the risks of es t imators ,  but qualitatively, the general  

pa t t e rn  of r e su l t s  are  essent ial ly  the same for  all values of v. 
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FIGURE l 
RISK UNDER LINEX LOSS FOR ML COMPONENTS 

(a=-0 .5 ,  v=15) 

FIGURE 2 
RISK UNDER LINEX LOSS FOR LS COMPONENTS 

(a=-0 .5 ,  v=lS) 
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FIGURE 4 
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FIGURE 5 
RISK UNDER LINEX LOSS FOR ML COMPONENTS 

(a=-5, v=~5) 

FIGURE 6 
RISK UNDER LINEX LOSS FOR LS COMPONENTS 

( a = - 5 ,  v=tS)  
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FIGURE 8 
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FIGURE 9 
RISK UNDER LINEX LOSS FOR ML COMPONENTS 

(a=3, v = t s )  

FIGURE tO 
RISK UNDER LINEX LOSS FOR 

(a=3, v =1 5 )  
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FIGURE 12 
RISK UNDER LINEX LOSS FOR MM COMPONENTS 

(a=3, v=tS) 

.~ 0.7 

o 
0) 

0.75 / :1 

!r k i 
t 
il .\ 

~: j ., 
,~: i' 

i l l l  

065 k : I:; z" 
\ }/:; / 

06 5 , i , i L , i i 
- - 4  - 3  - 2  - I  0 I 2 3 

'r/o- 

O r S  

ECLS 

ICLS 

'PT(W.) 

IPT(5~.) 

IPT(c =-094) 

0 6 6  I 

J , 0.64- 

>~ 063 

(3 

062 

0.61 

/ / / /  

/ /  ,," 

t, / ?  

0.6 ~ ' i 1 
-2 -I 0 I 2 

T/r 

OLS 

IPT(C=-O 3) 

IPT(C=-0.6) 

IPT(C = - 0 . 9 4 )  



464 

4. CONCLUSIONS 

One broad f e a tu r e  that emerges from the numerical evidence is t ha t  the 

establ ished resu l t s  under squared e r ro r  loss are  only robust  to mild degree of 

asymmetry,  and any major  depar tu res  f rom the assumed squared e r r o r  loss 

s t ruc tu re  change the resu l t s  in a subs tant ia l  manner.  The decision of whether  

to p r e - t e s t  or not also depends largely on the choice of component e s t ima to r s  

and the level of toss asymmetry  chosen by the investigator.  Although the 

optimal choice of cr is unexplored in the cur ren t  paper, it su f f i ces  to say 

tha t  any optimal p r e - t e s t  size obtained under squared e r ro r  loss (Wan (1996)) 

is not equivalent to tha t  under LINEX loss. It also remains a task  fo r  fu ture  

r e sea rch  to search  fo r  e s t ima tors  which are  optimal under LINEX loss. Work by 

Nagata (1983), Pars ian  and Farsipour  (1993} and Parsian e t  al .  (1993) may 

o f f e r  some insights  in this  regard.  
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^2 
APPENDIX A : Derivation of the risk of 

Now, using the property of the indicator function, (2.5) may be written 

as, 

^2 ~2 [c,~o)(t)(o *.2 r = r + I _ ~2) (A.I) 

"' e" e' Using (2.4), recognizing that e = e + (~z - T) z, and after some 

manipulations, we can write, 

" ' 2 ~ 2  ( ] r - r = Ir162 (r - T) 2 - ~2(~ _ 8) /Cv + ~') 

Hence, (A.1} can be expressed  as, 

o" = o" + [c,~) ( ( - ~ , T / r  l 

Note tha t  I[c,~)(t) = Iic,,~)(z), where c '  = c(wv-1) I/2 + ~ / r  and w = e ' e / ~  z 
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2 (z)l (z) = lr Therefore, ~ Xv' Also, as c < 0, Itc,,oo) (-co,r/o`) 

~.2 ~.2 [(o`z .~)2 ~r2(, ~ ) ) / ( v  , ) .  (A.2) 
= + Itc, ,z /c)  (z) - - _ + 

Now, wr i t i ng  ~r z = O`Xw/(v+~) and apply ing  the de f in i t ion  of the  LINEX loss 
^ 

func t ion  to  (A.2) wi th  V = (o`x _ O`2)/o`2 and b = 1, we have, 

R(o -2) = E exp a( v + ~ - v u  ~ ) v  + ir 

- a v + 8 I - (z - ~/o`)2 _ v + ~ v + 1[ 

o r ,  

-1} 

R(;2) = E{ ~ [ exp(a (v - -  ~ - 1 ) ) -  a[- v w 1 ) -  1] f ( z ) d z  

T / O "  

TIO` 

exp a( v + 6 ~T8 )v + ~" 
t 

c 

[ w -I)+ ICz-z/ò ) 2 wCr-~_).l__~__a ] } 
- aCv + a vT a J v + r] - i fCz) dz 

i 

( w / ]  
+ exp a( - I) - a v +- ~ I - I f(z) dz . (A.3) 

-00 

Using results from Srivastava and Rao (1992), we can write the first term in 

(A.3) as, 

Pr(z  > "~/o`) exp ( -a ) ,  v/2 § v+---g- - I (A.4) 

To cons ider  the  second t e r m  in (A.3), note  t h a t  t = (vw-1)l/2(z - T/o`). 

Using th is  r e s u l t  and the in f in i t e  s e r i e s  expans ion  of the  exponen t i a l  

func t ion ,  we can w r i t e  the  second t e r m  in (A.3) as,  

0 oo 

exp a(v-~ + v(v+~) I) - a(v-7~ + v(v+~------] 

c 0 
-I 

1 -'c2/(20` 2) F( )2 v/2 exp - x - -  exp 2 2v  
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i=O V r 

r 

0 ;;[( wt2 where (A) = v -112 exp a(v--~ + v(v+~') i) . . . .  

c 0 

co t 1 / 2  , , i  
�9 

x ~ /(fi)  dw dt , 
i 0 

and 

W w t 2 ]  ( v - l ) / 2  

2 2v j w  

0 oo 

;;( (B) = v -I12 a ( E  + v(v+~') 

c 0 

oo i i 1 2 .  ~I 

x /flu 
1 0 

dw dt 

) (w wt2) 
I) + 1 exp 1 2 2 V W ( v- ~ )/2 

v+7-2a , .2, 
To simplify (A), we let r = ~ t v + t  jw. 

. ~v  L v-,-~" j 
Noting that 

(A.5) 

oo 

f exp(_r162 or+i-l)/2 

o 
_,v+i+l, 

de = U T L  and after  some manipulations, (A) can be written as, 

f2(v+~')) 
exp(-a)~ vVl2(ll)IC1:/(r)1(i!) -t ~v+--~-2aJ 

i=0 

0 

>< ;(V + t2) -(v+l+I)/2 t I dt 

c 

(v+l+l)/2 
v+i+l, r"CT) 

(A.6) 

To further  simplify (A.6), we make use the change in variable p = t2/(v+t2), 

and after  some manipulations, we obtain, 

0 

exp{-~l{:o ~,%l%~l'{i'l-lt~*-F~-z~j _ L,~j 
c 1 

t ~, 112 , 

x |pv/(l-p){ - -v np 
l, J 2(pv )1/2(1_p)3/2 

c 

= expC-a)/2 ~. C~lo')i~j FC )(i!) -I 
L=O 

0 

p(l-1)/2C1_p)V/2-1dp 
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co . t~ ,  ,~ (v+I+1)12 zi+l)l c , i+l  v. 

i=0 i 
CA.7) 

where I (.,.) is the incomplete Beta function. 
x 

w(v+t z) 
Now, to consider (B), we let  r - 

2v ' 
co ~o 

;exp(-@)@ (v+i+l)/2 de= r ( !+ iz+3)and  ;exp(-~)r  (v+i-1)/2 

o o 
have, 

o 

(B)= ~ v-r162 -t ) 

i=0 
c 

( )-(v+i+3)/2. (v+,+l)/2 v+i+l .  
X V + t 2 t ' dt - (a-l)(2v) F ( - - ~ }  

and recognizing tha t  

= r( ), we de v+i+l 
2 

at 2 ] 

+vWV~g 

o 

x ; /v + t2)-(v+i+l)/2t I dt} 

c 

Following the same procedure as above, we let  p = tZ/(v+t z) and a f t e r  some 

manipulations, we obtain, 

I co , . ,i .... -t.,i§ av .i+l v+2. a([+1)  
(B) = 2 ~ tT/O'J tl~J i t -~ -J l t~ /L  / - - I  t--~-,---~--J + 

i=o tv+~' c 1 z z (v+~') 

.i+3 v, ,i+l v,~ 
x I c t--z-,2J - (a-l)I c ty-,EJj (A.8) 

i 1 

Substituting (A.7) and (A.8) into {A.5), we obtain, 

([ r--,-,./'v'"~'~ ~ P f  -~2/{2e2}] E {'tse)ki')-Ir(k~-)2 "-:)'2 ~ x p C - a } [ ~ j  

, i+ l  v. av . ,i+1 v+Z, a ( i + l ) .  , i+3 v .~  
+ a - I Iclt--~-, ~} - v~Iclt-=~,-=~-=) - (v+,~,)ic {-~--,~J}, 

1 

which is the simplified expression for  the second term in (A.3). 

To consider the third term in (A.3), note that,  
t 

c ,],<,, 
-r 

(A.9) 

c co 

( v ~  ~ 
I/2 r "~ -1 

w ox~i_~ ,wV. . . /~ /~ ,~v . .  / ~ ~ 
X 1 / 2  

V 

_ +  
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c 
- 1 / 2  - 1  

= v____ exp  - '~z / (2cz )  r (  )2 v/z exp a(~-u - I) - a( - 

exp-   vjW ,:o{ (i,) dw dt 

m 1 / 2  - - I  

,,,g-ff 

w h e r e  
C 00 

~ ( (v+~)(v+t2)-2av ]w (v§ 
(C) = e x p ( - a )  ~ v- l /z( -1) lC~/r  exp - 2vCv+~) w 

i = 0  
-co 0 

t | x dw d t  , 

and  
C O0 

1 =0  
-r 0 

t I x dw d t  

To s i m p l i f y  (C), 

~ exp(_ r162247  

0 

- a  + l ] e x p ( -  w ( v + t Z ) ] w  (v§ 

we le t  r = ( v + 8 ) ( v + t 2 ) - 2 a v  2 v ( v + ~ )  w, and  w r i t i n g  F( v§247 - - - F )  = 

de,  we ob ta in ,  

- l /z ,  ,l, _ ,l, , , - l _ , v + i + l  . . . .  r 
(c) = e x p ( - a )  ~ v t - l J  t T I O ' J  titJ I t ~ J t / V ]  

i = o  

c . - ( v + l + l ) I Z  

x ~ ( v + t2 - 2av|v+~) tl dt 

t 2 
If we let p - 2av and after some manipulations, (C) can be expressed 

v + t 2 -  v+~ 

a s ,  

l , ~ I / 2  co [ 2 a  l - v / 2  
(C) = ~-exp t -a lv  ~ (~"#)~(i')-'2(v§247 - v~) r(~)r(~) 

1= 0  

2 2 '  

w ( v §  2) 
F ina l ly ,  t o  c o n s i d e r  (D), aga in ,  we le t  r - 2----~--' and  ob ta in ,  

c 

~ [ F v + i §  a 2v (v§ 
(D) = ~ ( - l ) i (T/o ' ) i ( i ! ) - iv  -I/z ( ~  v--~ - Ca - 11 

i = 0  

(A.II) 
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x ~ l-~-~+ t 2 j J dt 

1 vl/Z co (z/r162247 av ( (i+l v+2. 
: g  7. 2 2 k ~ t l - I  ,-~-, -2- j  

i = 0  i 

i ' 2 '  

Subs t i tu t ing  (A.11) and (A.12} into (A.IO), we obta in  the  

express ion ,  

t Ji=O Z C 

(A. 12) 

fo l lowing  

[ _ . i+l  v.]  av [ i+l v+2.~ [ . i+l v . ) ]  
- ~ • : - 'o  'T'~'J l-Io~cT.--~-, j + (a-l/ 1- ,o,r 

(A.I3) 

Combining (A4), (A9) and (AI3}, we obta in  (3.4}, which is the express ion  fo r  

^2 
the  r i sk  of the  r . 

A P P E N D I X  B : P r o o f  o f  R(~ z) a t t a i n i n g  a s t a t i o n a r y  p o i n t  a t  c = 

- r  

NOW, 

1 �9 . . . .  

From (A.2), i t  is easy to see t h a t  

( z _ trz)/  z = w/(v+8)  - 1 + Ilc,~)(t)Ic_~,x/r (z - T /c )  z 

- w(~'-c3)/Cv+~) //(v+~') 

Subs t i tu t ing  (B.2) into (B.1), we obtain,  

R(o -z) = E ~.  a()-;-~ - i) + IEc,~)(t)I(_| (z - T/~)  z - w(~,-a) 

(8.1) 

(B.2) 



470 

= E{n 
w h e r e ,  

/ ( v + ~ )  a / ( v + ~ )  + ~ .  - i) + I Ct)I (z) 
�9 [c,OO) ( - o o , T / 0 " )  

. . . . .  ) 
+ MxflxI[c,co)(t)I(_co,T/cr)(z)} , (B.3) 

and 

M-/cz_ ) 
1 w z 1 w 3 

= ~ i  2a(v- ~ - l) + M + ~ .  M + 3aZ( - l) 2 + 3Ma( - t) + . . . . .  

(B.3)  c a n  be  s i m p l i f i e d  a s ,  
CO CO 

x I ( t ) I  (z ) /  f ' (w)dw t f ( z ) d z  
[c,~) (-co,T/O') J 

-co o 
co co Z / O "  

= ~ H  f (w)dw + ~ (  ~ M  x fl x I[c,co)(t) f(z)dz } 

0 0 -co 

f ( w ) d w  

co T / 0 "  co 

0 -co  u 

w h e r e  u = v (z  - T/Cr)2/C 2. Now,  

T / 0 "  co  {ou o(f aR(~.2)/ae = - ~  x ~-d 

-CO U 

T / O "  

M x ~ x f ( w ) d w )  f ' ( z )dz  t 

M x ~ x f ( w ) d w ) }  f(z)dz 

= ~ f2-~ (Z - T/o')2 M* x ~* x f ( v (z  - T/0")2/c2])  f (z)dz , 
~c 

�9 );co 

where M and ~ are respect ively the values of M and ~ when w = v(z - 
T/r  z. 

Obviously, when c = 0, f,(v(z - T/o')Z/cZ) = 0, and when c = -co, l /e  3 = 

0. Therefore,  when c = 0 or c = -0o, aR(o'Z)/ac = 0. Moreover, as 

M" = ( ( z -  T / - ) z -  v ( z -  T / - ) z ( ~ ' -  , ) / (eZ(v+ , ) ) )a / ( v+ , )  

= ( z -  T / o ' ) z { t -  v(~ " - , ) / ( c Z ( v + , ) ) ) a / ( v + ~ ' )  , 

s o  M �9 = 0 w h e n  c = - Vv(~" - ~ ) / ( v + 6 )  . 
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