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Abstract In this paper, we investigate the problem of estimating a function g(p),
where p is the probability of success in a sequential sample of independent identi-
cally Bernoulli distributed random variables. As a loss associated with estimation we
introduce a generalized LINEX loss function. We construct a sequential procedure
possessing some asymptotically optimal properties in the case when p tends to zero.
In this approach to the problem, the conditions are given, under which the stopping
time is asymptotically efficient and normal, and the corresponding sequential estima-
tor is asymptotically normal. The procedure constructed guarantees that its sequential
risk is asymptotically equal to a prescribed constant.

Keywords Sequential procedure · Stopping rule · Asymptotic optimality of
sequential procedures · Bernoulli trials · Probability of success · LINEX loss function

1 Introduction

In many situations, statistical inference problems cannot be solved on the basis of
the fixed sample size, and the only way to resolve them is to construct sequential
procedures. One of the first examples of such situation was considered by Stein (1945),
who constructed a two-stage procedure for estimating the mean of a normal distribution
with unknown variance.

In this paper, we focus our attention upon the Bernoulli case. The problem of sequen-
tial estimation of a probability of success in Bernoulli trials is engaging a good deal
of attention in the literature—for example Haldane (1945) (one of the first papers),
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512 J. Baran, R. Magiera

Robbins and Siegmund (1976), Cabilio and Robbins (1975), Cabilio (1977), Alvo
(1977). The papers of Girshick et al. (1946) and DeGroot (1959) contain the study
of unbiased sequential procedures for the binomial process. DeGroot (1959) proved
the efficiency of simple and inverse procedures. Magiera and Trybuła (1976) found a
new efficient (in the Cramér–Rao–Wolfowitz inequality sense) sequential procedure
for the binomial process, the so-called oblique plan. Braess and Dette (2004) consi-
dered minimax approach to the estimation of constrained binomial and multinomial
probabilities.

In sequential point estimation we are interested in estimating a value of an unknown
parameter (or function of an unknown parameter). Usually the loss incurred by the
statistician and associated with the error of estimation is represented by a weighted
function of the difference between the true value of an unknown parameter and its
estimate (e.g. the loss given by formula (1) or (2)). The natural question arises how
many observations we should take to guarantee that the decision based on these obser-
vations will have some desirable properties. If all parameters of the model were known,
then we could calculate this optimal fixed sample size n∗. In reality we do not know
these parameters, so we construct the so called sequential procedure (N ,dN ) consisting
of a random stopping time (a random sample size) N terminating the observations,
and the decision (estimator) dN taken when we stop sampling.

It is reasonable to demand that the sequential procedure (N , dN ) possesses some
desirable optimal properties, such as: efficiency N/n∗ → 1, asymptotic normality and
risk (expected loss) consistency. The first condition asserts that using the stopping rule
N requires approximately the same number n∗ of observations as in the case when
all parameters of the model were known. The second concept is also a measure of
efficiency. The latter term is understood in this paper in the following way. The risk
for the sequential procedure (N , dN ) preserves approximately the same level as in
the case of the optimal procedure with the fixed sample size n∗. We then say that the
sequential procedure possesses the risk consistency property. All the asymptotic pro-
perties derived for the model considered are treated as asymptotic when the probability
of success p tends to zero.

Hubert and Pyke (2000) considered the problem of sequentially estimating the
probability of success p under the loss

L(p, dn) = pb (
dn − pa)2

, (1)

where dn denotes an estimator based on the sample mean, and the constants a and b
satisfy the condition 2a + b < 0. They required the risk to be close to a prescribed
constant c and studied the asymptotic properties in the case when p approaches zero.
They obtained the following efficiency and normality results: N/n∗(p) → 1 as p → 0
and

N − n∗(p)

s
√

p−1n∗(p)

D→ Z as p → 0,

respectively, where N is the stopping rule, n∗(p) is the optimal fixed sample size
minimizing the risk for a given p, s is a certain constant, Z is the standard normal
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Sequential estimation in Bernoulli trials under LINEX loss 513

distribution random variable and
D→ denotes the convergence in distribution. They

also showed the sequential risk consistency:

lim
p→0

Risk = c,

where c is a prescribed constant.
The particular case a = 1, b = −2 in (1) for which 2a +b = 0 is precisely the case

examined by Robbins and Siegmund (1976). They required the risk to be equal to a
constant c, like in Hubert and Pyke (2000), but their asymptotic study of the problem
concerns the case when this constant is allowed to tend to zero for fixed p. In this case
they obtained:

N

n∗(p)
= cpq N → 1 in probability as c → 0,

Risk

c
→ 1 as c → 0,

where q = 1 − p. When p �= 1/2,

lim
c→0

P

{√
1

c

(
N − n∗(p)

n∗(p)

)
≤ t

}

= Φ

(
t

q − p

)
,

where Φ is the Gaussian distribution function. For p = 1/2 we have

P
(
N − [4/c] ≤ j

) − G
([4/c] − 4/c + j

) → 0,

where j = 0, 1, . . ., n = [4/c]+ j → ∞ and G is the chi-square distribution function
with one degree of freedom.

Cabilio and Robbins (1975) also examined this case adding a constant cost c per
observation to the loss function. They constructed a sequential procedure (N , δN ) and
for fixed p obtained the following results as c → 0:

N (cpq)1/2 = N (cp(1 − p))1/2 → 1 a.s.,

E p{N (cpq)1/2}k → 1, k = 1, 2, . . . ,

( pq

c

)1/2
(

δN − p

pq

)2 D→ Z2,

( pq

c

)1/2
E p

(
δN − p

pq

)2

→ 1,

where δN is the decision when we stop at time N . This procedure is well defined for
all values of p. However, for all fixed c > 0, when p → 0 it does not perform well,
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because the convergence

E p

((
δN −p

pq

)2 + cn

)

2
√

c/pq
→ 1,

is not uniform in p. They introduced a uniform prior distribution on p to avoid the
latter inconvenience.

2 The underlying problem

In this paper, we consider the problem of sequential estimation of a function of the
probability of success p under the generalized LINEX loss function defined by

L(p, dn) = h1(p)
(

eh2(p)Δn − h2(p)Δn − 1
)

, (2)

where h1(p), h2(p) are some functions of p and Δn = dn − g(p), where dn is an
estimator of g(p). In comparison with the standard LINEX loss it is a linear exponential
weighted error loss function. As any LINEX function it is an asymmetric function of
the error. A squared weighted loss function can be viewed as an approximation of the
loss (2), when h2(p), possibly depending on some constants, is small.

Assuming h1(p) = b, h2(p) = apl and g(p) = ps , a stopping time N is construc-
ted, which determines the sequential procedure δN = (N , dN ) possessing some
asymptotically optimal properties in the case when p tends to zero. The conditions are
given under which the stopping time N is asymptotically efficient, i.e. N/n∗(p) → 1
as p → 0, where n∗(p) is the optimal fixed sample size for which the risk equals
approximately a prescribed constant c. In this approach, when p tends to zero, the
asymptotic normality of the stopping time and the corresponding sequential estimator
of g(p) = ps is also obtained. The sequential procedure constructed guarantees that
the sequential risk is also close to the predefined constat c when p is small.

3 The sequential procedure

Let {Xi : i ≥ 1} be a sequence of independent Bernoulli distributed, with parameter
p, random variables. The general problem is to sequentially estimate the value g(p)

of a smooth function of p. As a measure of the error of estimation we assume the loss
function defined by (2).

In the sequel the estimators will be assumed to have the form dn = g(Xn), where
Xn is the sample mean. From the well known inequality ex ≥ 1 + x we know that
eh2(p)Δn − h2(p)Δn − 1 ≥ 0, so we assume that h1(p) > 0 to make the risk non-
negative.

Let us note, that the risk under the LINEX loss given by (2) can be written in the
following form

123



Sequential estimation in Bernoulli trials under LINEX loss 515

R(p, dn) = h1(p)E
(
exp(h2(p)(g(Xn) − g(p))) − h2(p)(g(Xn) − g(p)) − 1

)

= h1(p)E

[

exp

(
h2(p)

∣∣g′(p)
∣∣√pq√

n

√
n(g(Xn) − g(p))

|g′(p)| √pq

)

−
(

h2(p)
∣∣g′(p)

∣∣√pq√
n

√
n(g(Xn) − g(p))

|g′(p)| √pq

)

− 1

]

.

If g is sufficiently smooth, then by delta method for in law approximations,

√
n(g(Xn) − g(p))

|g′(p)| √pq
D→ Z as n → ∞. (3)

Using the approximation given by (3) and putting q = 1 − p ∼= 1 (because we are
interested in small p), we have

R(p, dn) ∼= h1(p)E

(

exp

(
h2(p)

∣∣g′(p)
∣∣√p√

n
Z

)

− 1

)

.

Since the random variable

exp

(
h2(p)

∣
∣g′(p)

∣
∣√p√

n
Z

)

has the LN (μ, σ 2) with parameters μ = 0 and σ 2 = (
h2(p)g′(p)

)2
p/n, we obtain

R(p, dn) ∼= h1(p) exp

((
h2(p)g′(p)

)2
p

2n

)

− h1(p).

In the sequel we shall construct the sequential procedure δN = (N , dN ) which gua-
rantees that the sequential risk R(p, dN ) is close to the predefined constant c.

The optimal sample size n∗, when we know the true value of p, can be calculated
from the equation

R(p, dn) ∼= h1(p) exp

((
h2(p)g′(p)

)2
p

2n

)

− h1(p) = c.

Hence, we obtain

n∗ =
(
h2(p)g′(p)

)2
p

2 log
(

c
h1(p)

+ 1
) . (4)
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Thus, if we know p, then the optimal sample size is given by (4). We denote this
optimal n∗ by n∗(p). But we do not know the true value of p, so we can consider
n∗(Xn) as an approximation of n∗(p) (by taking the sample mean Xn instead of p).
In this case it is natural to consider the stopping time

N = inf
{
n ≥ 1 : n ≥ n∗(Xn)

}
.

Let us note that

N = inf

⎧
⎨

⎩
n ≥ 1 : n ≥

(
h2(Xn)g′(Xn)

)2
Xn

2 log
(

c
h1(Xn)

+ 1
)

⎫
⎬

⎭
. (5)

We see that formula (5) has a quite general form. To make the problem more tractable,
in the rest of this paper, we take into consideration the following assumptions:

h1(p) = b, where b ∈ R+,

h2(p) = apl , where a ∈ R\ {0} and l ∈ R,

g(p) = ps, where s ∈ R\ {0} .

Under these assumptions, the loss function and the risk function take the form

L(p, dn) = b
(

eapl (dn−ps ) − apl (
dn − ps) − 1

)

= b

(
e

apl
(

X
s
n−ps

)

− apl
(

X
s
n − ps

)
− 1

)
(6)

and

R(p, dn) ∼= b exp

(
(as)2 p2(l+s)−1

2n

)

− b,

respectively.
Let us remark that only the condition l + s ≤ 0 is relevant to the problem. This

remark is an easy consequence of the model assumed. In particular, if one takes dn

to be identically zero for every n, then by (6), L (p, dn) = b
(

e−apl+s + apl+s − 1
)

.

Thus, if l + s > 0, any stopping rule, including N = 0, satisfies

R(p, dN ) = b
(

e−apl+s + apl+s − 1
)

p→0→ 0.

Then it means that if l + s > 0, one can estimate ps with arbitrarily small risk as
p → 0 without taking any observations. Hence, we assume that l + s ≤ 0 to avoid the
above shortcoming, but the case l + s = 0 will be discussed separately in the further
part of the paper (see Remark 1 in Appendix).
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Sequential estimation in Bernoulli trials under LINEX loss 517

For l = 0 (and s < 0) the loss function takes the standard form of the LINEX loss
for estimating ps :

L(p, dn) = b
(

ea(dn−ps ) − a(dn − ps) − 1
)
,

including the loss in estimating 1/p. For s = 1 (and l ≤ −1) we have

L(p, dn) = b
(

eapl (dn−p) − apl (dn − p) − 1
)
.

This is the linear exponential weighted error loss function with the weight pl of the
error Δn = dn − p.

In the case considered, we give now a representation for the stopping time N . From
formula (4) we have

n∗(p) =
(as

D

)2
p2(l+s)−1, (7)

where

D2 = 2 log
( c

b
+ 1

)
.

Thus

n∗(Xn) =
(as

D

)2
(Xn)2(l+s)−1 =

(
1

n

)2(l+s)−1 (as

D

)2
S2(l+s)−1

n ,

and the stopping time N defined by (5) can be written in the following form

N = inf

{
n ≥ 1 : S2(l+s)−1

n ≤ n2(l+s)
(as

D

)−2
}

= inf

{
n ≥ 1 : Sn ≥

(as

D

)− 2
2(l+s)−1

n
2(l+s)

2(l+s)−1

}
, (8)

provided that l + s < 1/2. In other case we can stop without any observations.
Assume that l + s < 0 and denote

ρ = 2(l + s)

2(l + s) − 1
. (9)

Observe that

0 < ρ = 2(l + s)

2(l + s) − 1
= 1 + 1

2(l + s) − 1
< 1,
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because 2(l + s) − 1 < 0. Therefore ρ ∈ (0, 1). Moreover, −1
2(l+s)−1 = 1 − ρ. Taking

into account notation (9), formula (8) takes the form

N = inf

{
n ≥ 1 : Sn ≥

(as

D

)2(1−ρ)

nρ

}
.

Thus the stopping rule N can be expressed in the form

N = inf {n ≥ 1 : Sn ≥ C(n)} , (10)

where

C(n) = A1−ρnρ = A1nρ, A1 := A1−ρ (11)

with

A =
(as

D

)2
. (12)

For further purposes, let us note that under the notations given above, the optimal
fixed sample size n∗(p) defined by (7) can be expressed in the form

n∗(p) = A p2(l+s)−1 = A p− 1
1−ρ =

(
A1

p

) 1
1−ρ

. (13)

Thus, we have shown that the stopping rule N for the problem of estimation under
the LINEX loss function can be presented in a form analogous to that obtained by
Hubert and Pyke (2000) for a squared error loss. We then can formulate the following
theorems, obtained by using the arguments analogous to that of Hubert and Pyke
(2000).

Theorem 1 (efficiency of the stopping time) If l + s < 0 and N, n∗(p) are defined
by (10), (13), respectively, then

N

n∗(p)

P→ 1 as p → 0.

Proof (sketch following the methods and arguments of Hubert and Pyke (2000)) The
following formula holds

P

(∣∣∣∣
N

n∗(p)
− 1

∣∣∣∣ ≤ ε

)
= P

(
(1 − ε)n∗(p) ≤ N ≤ (1 + ε)n∗(p)

)

≥ 1 − P( Ã) − P(B̃),
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Sequential estimation in Bernoulli trials under LINEX loss 519

where

Ã = {N < nm(p)} ,

B̃ =
{
|Si − i p| > Ap−h(ρ)cε, for some 1 ≤ i ≤ Lε(p)

}
,

with nm(p) denoting the value of x where the function C(x) − xp takes its maximum
and

Lε(p) = (1 + ε) n∗(p), h(ρ) = ρ/(1 − ρ), cε = (1 − ε)ρ − (1 − ε),

where ρ is defined by (9). Thus it suffices to show that P( Ã) and P(B̃) tend to zero
when p approaches zero. To prove the first convergence, the Hájek–Rényi inequality
is used to get

P( Ã) ≤
∞∫

0

p

(C(x) − xp)2 1(0,nm (p)](x)dx,

and then the dominated convergence theorem is applied. The main tool for obtaining
the second convergence is Kolmogorov’s inequality. �
Theorem 2 (asymptotic normality of the stopping time) Let l + s < 0 and let N ,
n∗(p) be as in Theorem 1. Then

N − n∗(p)

sp

D→ Z as p → 0,

where s2
p = (1 − ρ)−2 p−1n∗(p) and ρ is defined by (9).

Proof (sketch following the methods and arguments of Hubert and Pyke (2000))
Observe that

P

(
N − n∗(p)

sp
≤ x

)
= P

(
N ≤ z p(x)

)
,

where z p(x) = n∗(p) + xsp, and it suffices to show that

lim inf
p→0

P
(
N ≤ z p(x)

) ≥ Φ(x) and lim sup
p→0

P
(
N ≤ z p(x)

) ≤ Φ(x),

where Φ denotes the cumulative distribution function of the standard normal distri-
bution.

Since sp/n∗(p) = const · pρ/2(1−ρ) → 0 as p → 0, there exists a sequence{
εp, p > 0

}
such that εp → 0 as p → 0, εp > K sp/n∗(p) for some known positive

constant K and (1 − εp) n∗(p) =: n p is an integer.
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In the first step one shows that

P
(
N ≤ z p(x)

) ≥ P

(
Z(p) ≥ δ1,εp (x) − pn p

(pn p)1/2 + ε

)
P

(
Ax,ε

)
,

P
(
N ≤ z p(x)

) ≤ P

(
Z(p) ≥ δ2,εp (x) − pn p

(pn p)1/2 − ε

)
P

(
Ax,ε

) + P
(

Ac
x,ε

)
,

where

Z(p) = (Sn p − pn p)/
√

pn p,

δ1,εp (x) − pn p = −x
√

pn p/
√

1 − εp,

δ2,εp (x) − pn p = −pxsp

(
1 − ρ + O

(
pρ/2(1−ρ)

))

and

Ax,ε =
{
|Sk − kp| ≤ ε(pn p)

1/2, k = 1, 2, . . . , z p(x) − n p

}
, ε > 0.

Using Kolmogorov’s inequality, one obtains that P
(

Ac
x,ε

) → 0 as p → 0. Then,
taking into account that εp > 0 and εp → 0 as p → 0, one shows that given η > 0
there exists p0 > 0 such that

δ1,εp (x) − pn p√
pn p

= −x/
√

1 − εp < −x + η,

δ2,εp (x) − pn p√
pn p

= −x/
√

1 − εp − x O
(

pρ/2(1−ρ)
)

> −x − η

for all p < p0 and all x . The proof of the theorem follows from the fact that Z(p)
D→ Z

as p → 0. �

Let us remark that the convergence in the theorem given above is a version of
the CLT for Bernoulli trials in which the asymptotics are driven by the parameter p
approaching zero.

Corollary 1 (asymptotic normality of the sequential estimator) Let the assumptions
of Theorem 2 be satisfied. Then we have

apl
(

X
s
N − ps

)

D
D→ Z as p → 0.
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Sequential estimation in Bernoulli trials under LINEX loss 521

Proof Since, by construction, C(N ) ≤ SN < C(N )+ 1 and by (11), C(N ) = A1 Nρ ,
we obtain

A1 Nρ ≤ SN < A1 Nρ + 1,

A1 Nρ−1 ≤ X N < A1 Nρ−1 + N−1.

From Theorem 1 we know that for sufficiently small p, 1
N is so small as we want.

Therefore

X N ∼= A1 Nρ−1 = C(N )

N
.

Let

Wp = N − n∗(p)

sp
.

Note that from Theorem 2, Wp
D→ Z , when p → 0. Hence

pl
{(

X N
)s − ps

} ∼= pl
{(

C(N )

N

)s

− ps
}

for respectively small p. Further

pl
{(

X N
)s − ps

} ∼= pl
{(

A1 Nρ−1
)s − ps

}
= pl

{
As

1 (N )s(ρ−1) − ps
}

= pl+s
{

As
1 (N )s(ρ−1) p−s − 1

}

= pl+s

{

As
1

(
N − n∗(p)

sp
sp + n∗(p)

)s(ρ−1)

p−s − 1

}

= pl+s
{

As
1

(
Wpsp + n∗(p)

)s(ρ−1)
p−s − 1

}

= pl+s

{(
A1

p

)s

n∗(p)−s(1−ρ)

(
Wp

sp

n∗(p)
+ 1

)s(ρ−1)

− 1

}

= pl+s

{(
Wp

sp

n∗(p)
+ 1

)s(ρ−1)

− 1

}

,

where the last equality is a consequence of the definition of n∗(p). From Taylor’s
theorem for (x + 1)s(ρ−1) with x = spWp/n∗(p) we have

pl
{(

X N
)s − ps

} ∼= pl+s

{

1 + s(ρ − 1)
sp

n∗(p)
Wp + O

((
Wp

sp

n∗(p)

)2
)

− 1

}

.
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Since

sp

n∗(p)
= 1

1 − ρ
A−1/2(1−ρ)

1 p−(l+s) p→0→ 0,

we obtain

pl
{(

X N
)s − ps

} ∼= pl+s

{

1 + s(ρ − 1)
1

1 − ρ
A−1/2(1−ρ)

1 p−(l+s)Wp

+ O

((
Wp

1

1 − ρ
A−1/2(1−ρ)

1 p−(l+s)
)2

)

− 1

}

= pl+s

{

−s(1 − ρ)
1

1 − ρ
A−1/2(1−ρ)

1 p−(l+s)Wp

+ O

((
Wp

1

1 − ρ
A−1/2(1−ρ)

1 p−(l+s)
)2

)}

= −s A−1/2(1−ρ)
1 Wp + O

(
W 2

p
1

(1 − ρ)2 A−1/(1−ρ)
1 p−2(l+s)

)

D→ s A−1/2(1−ρ)
1 Z = 1

a
DZ

as p → 0. The convergence is a consequence of Theorem 2. Hence the proof is
complete. �

4 The consistency of the sequential procedure

In order to show that the risk of the procedure with the stopping rule N is close to
the pre-specified constant c the result on uniform integrability of the family of loss
functions is needed. Theorems 3 and 4, connected with the uniform integrability, can
be established by the arguments of Hubert and Pyke (2000). To establish these results,
it is necessary to involve a minimum stopping time in order to avoid the effect of an
initial sequence of successes. Therefore we introduce the lower bound

mr = inf {k > 0 : C(k) > −r min{l, l + s}} ,

where r ≥ r0 and r0 guarantees that we do not stop too fast, so that the approximation
(3) is suitably exact.

Let

Nr = inf{n ≥ mr : n ≥ n∗(Xn)}
= inf{n ≥ mr : Sn ≥ C(n)}.

The rule Nr guarantees that we take minimum mr observations.
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Define

Z p,r := pl
(

X
s
Nr

− ps
)

, Z+
p,r := pl

∣
∣∣X

s
Nr

− ps
∣
∣∣ . (14)

Let

τr = −r min{l, l + s}, (15)

γ =
{

1 for s > 0,

min
{

1,− 1
2s(1−ρ)

}
for s < 0.

(16)

Theorem 3 Let τr and γ be defined by (15) and (16). For {Z+
p,r : p ∈ (0, 1)} as

defined in (14), there exist positive constants K , K1, K2, K3, τ > τr and 0 < ε < 1
such that for all u ≥ 0:

(i) P
(

Z+
p,r > u, Nr < n∗(p)

)
≤ K1 pτ + K2e−K3u for p sufficiently small,

(ii) P
(

Z+
p,r > u, Nr ≥ n∗(p)

)
≤ e−K u2γ

for p ∈ (0, 1).

Proof (sketch following the methods and arguments of Hubert and Pyke (2000))
If s > 0, then using the approximation X Nr

∼= C (Nr ) /Nr one can show that

P
(

Z+
p,r > u, Nr < n∗(p)

)
= P

(
A+

p−
)
, where

A+
p− = {

Nr < n∗(p) tp−(u)
}
, tp−(u) =

(
1 + upρ/2(1−ρ)

)−1/s(1−ρ)

.

Let ε ∈ (0, 1), set vp = const · p(1−ε)/2(1−ρ), and let wp be the value for which
C

(
n∗(p)vp

) − n∗(p)vp p = C
(
n∗(p)wp

) − n∗(p)wp p. Moreover, define u1 and u2
by tp−(u1) = vp, tp−(u2) = wp, respectively.

Set I1 = (u1,∞), I2 = (u2, u1] and I3 = [0, u2]. Let u ∈ I1. If u is such
that tp−(u) < mr , then P

(
A+

p−
) = 0. Therefore, only those u are considered for

which tp−(u) ≥ mr . To find upper boundary for the probability P
(

A+
p−, u ∈ I1

)
,

define u3 by n∗(p) tp−(u3) = m′, where m′ is a constant greater than mr which
will be given later. Then this probability is not greater than the probability that Sn

crosses the line C(mr ) for n = m′ (u ∈ I1,1 = (u3,∞)) plus the probability that Sn

crosses the line L1(t) = αpt + βp which passes through the points (m′, C(m′)) and
(n∗(p)vp, C(n∗(p)vp)) (u ∈ I1,2 = (u1, u3)). To estimate the latter one, Täcklind
(1942) result is used to obtain: P (Sn crosses the line L1) ≤ pk0 , where k0 is a positive
constant and p is sufficiently small. Choosing k0, m′ and ε such that k0 > −rl,
C(m′) > 2k0, 1/2 − ε/2 − k0/C(m′) > 0, gives

P
(

A+
p−, u ∈ I1

) ≤ const · pτr

for p sufficiently small. If u ∈ I2, L2(t) = pt + δ is defined, where

δ = C(n∗(p)vp) − n∗(p)vp p = C(n∗(p)wp) − n∗(p)wp p.
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The probability of crossing the boundary consisting of the lines �C(mr )�, L1 and
L2 (defined on intervals I1,1, I1,2 and I2, respectively) is not greater than the upper
bound for the probability P

(
A+

p−, u ∈ I1
)

plus the probability that Sn crosses the
line L2 between 0 and n∗(p). For the latter one, using the Skorokhod and Bernstein
inequalities yields

P (Sn crosses the line L2) ≤ e−const·p−ερ/(1−ρ)

.

Thus
P

(
A+

p−, u ∈ I2
) ≤ e−const·p−ερ/(1−ρ) + const · pτr .

For u ∈ I3 the method is analogous to that for u ∈ I2. Thus, combining these proba-
bility bounds gives

P
(

A+
p−

) ≤ const · pτr + e− const·u

for u ≥ 0 and p sufficiently small.
In the case s < 0 the proof is similar. Analogously, the intervals I1, I2 and I3

are defined. The steps are the same as before but we choose k0, ε and m′ such that
k0 > −r(s + l), C(m′) > 2k0, 1/2 − ε/2 − k0/C(m′) > 0.

The probability P
(

Z+
p,r > u, Nr ≥ n∗(p)

)
can be expressed by

P
(

A+
p

)
= P

(
Nr > n∗(p)

(
1 − upρ/2(1−ρ)

)−1/s(1−ρ)
)

for s > 0,

P
(

A−
p

)
= P

(
Nr > n∗(p)

(
1 + upρ/2(1−ρ)

)−1/s(1−ρ)
)

for s < 0.

If s > 0, this probability is equal to zero unless u < p−ρ/2(1−ρ). By Bennet’s inequality
it can be shown that

P
(

A+
p

)
≤ e−const·u2 J (x) and P

(
A−

p

)
≤ e−const·u2ε Jε (x),

where x = upρ/2(1−ρ) and

J (x) = x−2(1 − x)−1/s(1−ρ)
(

1 − (1 − x)1/s
)2

,

Jε(x) = x−2ε(1 + x)−1/s(1−ρ)
(
(1 + x)1/s − 1

)2
.

Since the functions J and Jε have a positive minimum (the latter one under ε = γ =
min {1,−1/2s(1 − ρ)}), one obtains

P
(

A+
p

)
≤ e−const·u2

and P
(

A−
p

)
≤ e−const·u2γ

for p ∈ (0, 1), u > 0 and an appropriate const. �
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Theorem 4 For r > 0, the family
{
(Z+

p,r )
r : 0 < p < 1

}
is uniformly integrable.

Proof (sketch following the methods and arguments of Hubert and Pyke (2000)) It
suffices to show that for some w > r

E
(

Z+
p,r

)w =
∞∫

0

P
(

Z+
p,r > u

)
duw = I1 + I2 < ∞,

where I1 and I2 are given by

∞∫

0

P
(

Z+
p,r > u, Nr < n∗(p)

)
duw and

∞∫

0

P
(

Z+
p,r > u, Nr ≥ n∗(p)

)
duw,

respectively. Let us note that from definition of Nr and the condition Nr < n∗(p) it
follows that X Nr > p (this will be discussed closer in the proof of Theorem 5), so I1
is bounded by

pl∫

0

P
(

Z+
p,r > u, Nr < n∗(p)

)
duw and

pl+s∫

0

P
(

Z+
p,r > u, Nr < n∗(p)

)
duw

for s > 0 and s < 0, respectively. Using Theorem 3 for p sufficiently small, say
p ≤ p0, one obtains that supp≤p0

I1 < ∞. Note that for p > p0 > 0, the bounded
function is integrated on a finite support, so sup0<p<1 I1 < ∞. In the case of the
integral I2, applying Theorem 3 yields sup0<p<1 I2 < ∞. �
Theorem 5 Let l + s < 0, γ > 1/2 and let Yp,r = exp

{
aZ p,r

}
, where Z p,r is given

by (14). If a > 0, s < 0 or a < 0, s > 0, then the family
{
Yp,r : 0 < p < 1

}
is

uniformly integrable.

Proof It suffices to show that

E
(

Y w
p,r

)
=

∞∫

0

P
(
Yp,r > u

)
duw < ∞,

where w > 1. Write

∞∫

0

P
(
Yp,r > u

)
duw =

∞∫

0

P
(
Yp,r > u, Nr < n∗(p)

)
duw

+
∞∫

0

P
(
Yp,r > u, Nr ≥ n∗(p)

)
duw. (17)
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Let us note that in the case when a > 0, s < 0 or a < 0, s > 0, the random
variable Yp,r is bounded by 1. This observation is an easy consequence of the fact
that the condition Nr < n∗(p) is equivalent to X Nr > p. This follows from the fol-
lowing argumentation. By definition, Nr = inf {n ≥ mr : Sn ≥ C(n) = A1nρ}, we
have X Nr = SNr

Nr
≥ A1 Nρ−1

r . If Nr < n∗(p) = (A1/p)1/(1−ρ), then A1 Nρ−1
r ≥ p.

Thus X Nr > p, and consequently Yp,r ≤ 1. Hence, for all p we obtain

∞∫

0

P
(
Yp,r > u, Nr < n∗(p)

)
duw =

1∫

0

P
(
Yp,r > u, Nr < n∗(p)

)
duw

≤
1∫

0

duw < ∞.

The second integral in formula (17) can be written in the following form

∞∫

0

P
(
Yp,r >u, Nr ≥ n∗(p)

)
duw =

1∫

0

P
(

eaZ p,r >u, Nr ≥n∗(p)
)

duw

+
∞∫

1

P
(
eaZ p,r >u, Nr ≥n∗(p)

)
duw. (18)

Let us remark that

1∫

0

P
(

eaZ p,r > u, Nr ≥ n∗(p)
)

duw ≤
1∫

0

duw < ∞.

As concerns the second integral in formula (18), we observe that

∞∫

1

P
(

eaZ p,r > u, Nr ≥ n∗(p)
)

duw

≤
∞∫

1

P
(
|a| Z+

p,r > log u, Nr ≥ n∗(p)
)

duw.

By substituting v = log u/ |a| into the above integral, we obtain

w

∞∫

0

P
(

Z+
p,r > v, Nr ≥ n∗(p)

)
e|a|vwdv ≤ w

∞∫

0

e−Kv2γ

e|a|vwdv,
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where K is a positive constant. The last inequality is a consequence of Theorem 3.
If γ > 1/2, then

w

∞∫

0

e−Kv2γ +|a|vwdv < ∞,

which ends the proof. �
Let us note that

L (
p, dNr

) = b
(
Yp,r − aZ p,r − 1

) =: Lr (p).

By Theorems 4 and 5 the pass with the limit under the expectation sign is allowed,
and as a consequence the following theorem holds.

Theorem 6 (consistency of the sequential procedure) By Theorems 4, 5 and
Corollary 1, for any r ≥ r0 the sequential estimation procedures based on the stopping
time Nr satisfy

lim
p→0

Risk = lim
p→0

ELr (p) = c.

Proof By the uniform integrability of the Yp,r , Zr
p,r and Corollary 1 we have

lim
p→0

E Lr (p) = bE lim
p→0

(
Yp,r − a Z p,r − 1

) = bE

(
ea 1

a D Z + a
1

a
D Z − 1

)

= bE
(

eD Z)
− b.

Taking into account the fact that exp (D Z) has the log-normal distribution LN (μ, σ 2)

with parameters μ = 0 and σ = D, we get

lim
p→0

E Lr (p) = b exp

(
1

2
D2

)
− b = b exp

[
log

( c

b
+ 1

)]
− b = c.

�
Appendix

Most approaches to the study of asymptotics of sequential procedures have usually
fixed the distributional parameter and allowed some other parameter of the problem
(e.g., accuracy or cost) to vary. There exist a very vast literature on sequential estimation
under the loss being the sum of the loss associated with the error of estimation and the
cost of observation. One constructs optimal procedures in the case when the cost per
one observation tends to zero. The notions of optimal asymptotic properties (efficiency,
normalities, consistency), when the observation unit cost tends to zero are analogous,
but the methodology is different from this one used in this paper and for the first
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time presented by Hubert and Pyke (1997, 2000). Decreasing of the observation unit
cost permits unboundedly increasing of the number n of observations. However, one
is often interested what happens when the binomial parameter p is small for fixed
confidence or fixed cost. It is then very reasonable to consider the approach to the
asymptotic analysis of the problem by letting the parameter p tend to zero.

The optimal sequential procedures, known from the literature, derived under the
assumption that the parameter p can take its value from the whole parameter space,
are not usually a good proposals when this parameter takes its value close to the
boundary. Therefore, finding sequential procedures which have optimal properties
when p → 0 is of some interest. From a practical point of view the problem of finding
optimal sequential procedures for estimating a function of p when p is small is of
great importance for stochastic systems demanding very high reliability.

Examples covered by the problem of estimation considered include some important
special cases, in particular, estimation of 1/p under a standard LINEX loss function.
The loss function of the form (2) is convex and asymmetric. It is useful in the estimation
problems when overestimation is considered more serious than underestimation or vice
versa (depending on the sign of h2).

Remark 1 If we use the delta method to construct the stopping time we have to restrict
ourselves to the case when l + s < 0.

This restriction is a natural consequence of the following discussion [analogous to
that of Hubert and Pyke (2000)]. If l + s = 0, then from (7) we have

n∗(p) = A(s)p−1,

where the constant A(s) = A is defined by (12), and consequently,

N = inf {n ≥ 1 : Sn ≥ A(s)} . (19)

Thus N is the waiting time until [A(s)] successes. Note that in this case, for every
ε > 0,

P

(
N

n∗(p)
< 1 − ε

)
= P

(
N < (1 − ε)n∗(p)

) = P
(
S[(1−ε)n∗(p)] ≥ [A(s)]) .

For l + s = 0, (1 − ε)n∗(p)p = (1 − ε)A(s) is a constant, so that the distribution
of S[(1−ε)n∗(p)] converges to a Poisson distribution as p → 0. Therefore, it cannot be

true that N
n∗(p)

P→ 1 as p → 0 when l + s = 0. Thus the stopping time defined by (19)
does not determine a good sequential procedure for estimating ps .

Remark 2 In this paper, we consider the LINEX loss with weighted error. The model
considered can be somewhat expanded by taking

h1(p) = bpl1 ,

h2(p) = apl2 ,

where l1 and l2 are chosen independently.
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