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Abstract

This paper deals with the empirical Bayes (EB) estimation for two-dimensional

truncation parameters under linex loss. By using kernel estimation of density function,

we construct the EB estimation of parameters. Under some suitable conditions, we

prove that the constructed EB estimations is asymptotically optimal and we obtain its

convergence rate.
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1. Introduction

In many estimation problems, when the positive and negative estimation

errors of the same magnitude have different consequences, the quadratic loss

function may be inappropriate for deriving and comparing the performance of
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various estimators. To overcome the deficiency of the quadratic loss function,

Varian [6] introduced an asymmetric loss function, namely linex loss function,

to study the real estate assessment. More properties of the loss function have

been investigated by Zellner [7]. Basu and Ebrahimi used linex loss function in
lifetime testing and reliability estimation [1,2], and Huang and Liang [3] studied

the empirical Bayes estimation of the truncation parameter under linex loss [5].

But the EB estimation for the parameters two-dimensional one-side truncated

distribution was not addressed.

Consider the two-dimensional truncated distribution family with probability

density function (pdf) of the following form
f ðx1; x2jhÞ ¼ uðx1; x2Þ/ðh1; h2ÞIðDÞðx1; x2Þ ð1:1Þ
where D ¼ ðh1; b1Þ � ðh2; b2Þ, uðx1; x2Þ is a nonnegative and integrable function,
and h ¼ ðh1; h2Þ is the parameter of our interest, hi > ai P 0, bi 6 þ1, i ¼ 1; 2,
and /ðh1; h2Þ ¼ ½

R b1
h1

R b2
h2
uðx1; x2Þdx1 dx2	
1.

Let the loss function (Linex loss) be Lðh1; h2; d1; d2Þ ¼
P2

i¼1fexpfciðdi 

hiÞg 
 ciðdi 
 hiÞ 
 1g where di denotes an estimation of hi i ¼ 1; 2, and ci 2 R,
ci 6¼ 0 is a constant. In this paper, we consider only ci > 0. Discussion of the
other case where ci < 0, is similar and therefore omitted here.
The paper is organized as follows. In Section 2, the EB estimator for the

truncation parameters are derived under Linex loss, and a theorem about

convergence rate is given. In Section 3, some lemmas are given, and the proof

of theorem is completed. At last, we give an example satisfying the conditions

of the theorem.
2. Empirical Bayes estimation

Let X ¼ ða1; b1Þ � ða2; b2Þ be the parameter space, and the prior distribution
of ðh1; h2Þ be Gðh1; h2Þ with pdf of gðh1; h2Þ. Then the marginal distribution of
X ¼ ðX1;X2Þ is
f ðx1; x2Þ ¼
Z Z

X
f ðx1; x2jhÞgðh1; h2Þdh1 dh2

¼
Z x1

a1

Z x2

a2

uðx1; x2Þ/ðh1; h2Þgðh1; h2Þdh1 dh2 ¼ uðx1; x2Þvðx1; x2Þ
where vðx1; x2Þ ¼
R x1
a1

R x2
a2

/ðh1; h2Þgðh1; h2Þdh1 dh2.
If prior distribution gðh1; h2Þ is given and given X ¼ x, then the Bayes esti-

mator of hi is /iGðxÞ which minimizes
R

Xfexp½ciðdi 
 hiÞ	 
 ciðdi 
 hiÞ

1gdGðhjxÞ.
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Some straightforward computation yields
wh
/iGðxÞ ¼ 
ðciÞ
1 lnEðe
cixi xj Þ ¼ ðciÞ
1 ln siGðxÞ; with

siGðxÞ ¼ ½Eðe
cihi xj Þ	
1 i ¼ 1; 2
Assume that limx2!a2
d
dx1

vðx1; x2Þ ¼ 0, limx1!a1
d
dx2

vðx1; x2Þ ¼ 0, for any given x1
or x2.
Then Eðe
cihi xj Þ ¼ e
cixi f ðx1;x2ÞþDiGðx1;x2Þ

f ðx1;x2Þ
, i¼ 1;2 where D1Gðx1;x2Þ ¼ uðx1;x2Þ�R x1

a1
c1e
c1h1 f ðh1;x2Þ

uðh1;x2Þ
dh1
D2Gðx1; x2Þ ¼ uðx1; x2Þ
Z x2

a2

c2e
c2h2
f ðx1; h2Þ
uðx1; h2Þ

dh2
The Bayes risk, attained from the Bayes estimation /Gðx1; x2Þ ¼ ð/1Gðx1; x2Þ;
/2Gðx1; x2ÞÞ of h is
RG ¼
X2
i¼1;2

Eðx;hÞfexp½cið/iGðxÞ 
 hiÞ	 
 cið/iGðxÞ 
 hiÞ 
 1g

¼ R1G þ R2G ð2:1Þ
where RiG ¼ Eðx;hÞfexp½cið/iGðxÞ 
 hiÞ	 
 cið/iGðxÞ 
 hiÞ 
 1g, for i ¼ 1; 2. Eðx;hÞ
denotes the expectation with respect to the joint distribution of ðX ; hÞ. We
define that xðiÞ ¼ ðxi1; xi2Þ, x ¼ ðx1; x2Þ, hðiÞ ¼ ðhi1; hi2Þ, i ¼ 1; 2; . . . ; n. Let Cka be
a family of probability densities on X, which have the k order continuous
mixed partial derivatives whose absolute value is bounded by a. Usually the
prior distribution Gðh1; h2Þ is unknown, and the Bayes estimator /GðxÞ cannot
be applied. In this paper, the empirical Bayes approach is introduced to handle

the uncertainty of G.

Suppose that ðX ð1Þ; hð1ÞÞ; . . . ; ðX ðnÞ; hðnÞÞ and ðX ; hÞ are independent identical
distribution random samples, where ðX ð1Þ;X ð2Þ; . . . ;X ðnÞÞ denote the past sam-
ples, and X is the present sample, hðiÞ (i ¼ 1; 2; . . . ; n) and h have the same
distribution Gðh1; h2Þ. In order to estimate f ðxÞ, we employ the kernel function
KðyÞ, which satisfies the following conditions:

(1) KðyÞ ¼ 0, if y 62 ð0; 1Þ
(2) jKðyÞj < M , for all y 2 R, and M is a positive constant

(3)
R
ytKðyÞdy ¼ 1; t ¼ 0

0; t ¼ 1; 2; . . . ; s
 1

�
where s > 1 is a natural number.

We define the estimator of f ðx1; x2Þ by
fnðx1; x2Þ ¼
1

nh2n

Xn
i¼1

k
xi1 
 x1

hn

� �
k

xi2 
 x2
hn

� �
;

ere 0 < hn ! 0; as n ! 1:
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Let
D1nðx1; x2Þ ¼ uðx1; x2Þ
Z x1

a1

c1e
c1h1fnðh1; x2Þ
uðh1; x2Þ

dh1

D2nðx1; x2Þ ¼ uðx1; x2Þ
Z x2

a2

c2e
c2h2fnðx1; h2Þ
uðx1; h2Þ

dh2

sinðx1; x2Þ ¼
fnðx1;x2Þ

e
cihi fnðx1;x2ÞþDinðx1;x2Þ
; 1 < fnðx1;x2Þ

e
cihi fnðx1;x2ÞþDinðx1;x2Þ
< nvi

1; otherwise

�
ð2:2Þ
i ¼ 1; 2, where vi is an unknown constant. /inðx1; x2Þ ¼ c
1i ln sinðx1; x2Þ, i ¼ 1; 2.
Define /nðx1; x2Þ ¼ ð/1nðx1; x2Þ;/2nðx1; x2ÞÞ as the EB estimator of

h ¼ ðh1; h2Þ. The overall Bayes risk of /nðx1; x2Þ is
Rn ¼ E�
X2
i¼1

fexp½cið/inðx1; x2Þ 
 hiÞ	 
 cið/inðx1; x2Þ 
 hiÞ 
 1g ¼ R1n þ R2n
where Rin ¼ E�fexp½cið/inðx1; x2Þ 
 hiÞ	 
 cið/inðx1; x2Þ 
 hiÞ 
 1g, i ¼ 1; 2.
Throughout this paper, E� and E stands respectively for the expectation with

respect to the joint distribution of ðX ð1Þ; . . . ;X ðnÞ; ðX ; hÞÞ and ðX ð1Þ; . . . ;X ðnÞÞ.
The expectation EðyÞ is taken with respect to Y . M1;M2 and M can denote
different positive constants in different cases even in the same expression.

Denote
K1ðx1; x2Þ ¼ sup
06 ui 6 1

f ðx1 þ u1; x2 þ u2Þ;

K2ðx1; x2Þ ¼ sup
l1þl2¼s
06 ui 6 1

osf ðt1; t2Þ
otl11 ot

l2
2

�����
�����
t¼xþu

; for i ¼ 1; 2
where t ¼ ðt1; t2Þ; u ¼ ðu1; u2Þ.
The main results of this paper can be expressed in the following theorem.
Theorem. Let 0 < k < 1 be a constant and l > 2 is a given natural number.
Assume that the following conditions hold:
�� ��l

(1) EðxÞ siGðx1; x2Þ��� ��� < 1; for i ¼ 1; 2 ð2:3Þ
uðx1; x2Þ is a bounded and continuous function, f ðx1; x2Þ which has k order
partial derivatives.
(2)
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(3) d d

lim
x2!a2 dx1

vðx1; x2Þ ¼ 0; lim
x1!a1 dx2

vðx1; x2Þ ¼ 0

(

(4) EðxÞ ðe
c1x1f ðxÞ þ D1GðxÞÞ
2kðK2k

2 ðxÞ þ Kk
1ðxÞ
þ
Z x1

a1

K2ðh1; x2Þ þ K1=2
1 ðh1; x2Þ

uðh1; x2Þ
dh1Þk

 !)
< 1

EðxÞ ðe
c2x2f ðxÞ
(

þ D2GðxÞÞ
2kðK2k
2 ðxÞ þ Kk

1ðxÞ

þ
Z x2

a2

K2ðx1; h2Þ þ K1=2
1 ðx1; h2Þ

uðx1; h2Þ
dh2Þk

 !)
< 1

en when hn ¼ n

1

2ðsþ1Þ, v1 ¼ v2 ¼ ks
lðsþ1Þ, we have Rn 
 RG ¼ Oðn
qÞ, q ¼ ksðl
2Þ

lðsþ1Þ .
Th
3. Lemmas and proof of theorem

Lemma 1 (See [3]). For any constant a; bP 0, we have ea
b 
 ða
 bÞ 
 16
ðea 
 ebÞ2.

Lemma 2. Let Y and Y 0 be random variables, y and y 0 be real numbers, and L > 0
and 0 < r6 2 be respectively real numbers. Then
E
Y 0

Y

���� 
 y0

y

�
L

����
r

6 2jyj
r EjY 0
�


 y 0jr þ y0

y

����
����

�
þ L

�r

EjY 
 yjr
�

Proof. See [8], where ½b	L ¼
b; jbj6 L;
0; jbj > L:

�
h

Lemma 3. If f ðx1; x2Þ has s order partial derivatives 0 < k16 1 then when
hn ¼ n


1
2sþ2
Ejfnðx1; x2Þ 
 f ðx1; x2Þj2k1 < Mn

k1s
sþ1½K2k1

2 ðxÞ þ Kk1
1 ðxÞ	
Proof. See [4]. h

Lemma 4. If RG < 1, then Rn 
 RG ¼
P2

i¼1 E�fexp½cið/inðxÞ 
 /iGðxÞÞ	 

ci½/inðxÞ 
 /iGðxÞ	 
 1g.
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Proof. Rn ¼ R1n þ R2n, RG ¼ R1G þ R2G
R1n ¼ E�fexp½c1ð/1nðxÞ 
 h1Þ	 
 ci½/1nðxÞ 
 h1	 
 1g
¼ Eðxð1Þ;xð2Þ;...;xðnÞ;xÞ½ec1/1nðxÞEðe
c1h1 xj Þ 
 c1/1nðxÞ þ c1Eðh1 xj Þ 
 1	

R1G ¼ EðxÞ½ec1/1GðxÞEðe
c1h1 xj Þ 
 c1/1GðxÞ þ c1Eðh1 xj Þ 
 1	
¼ Eðxð1Þ;xð2Þ;...xðnÞ;xÞ½
c1/1GðxÞ þ c1Eðh1 xj Þ	
Therefore,
R1n 
 R1G ¼ Eðxð1Þ;xð2Þ;...xðnÞ;xÞfexp½c1ð/1nðxÞ 
 /1GðxÞÞ	


 c1ð/1nðxÞ 
 /1GðxÞÞ 
 1g

¼ E�fexp½c1ð/1nðxÞ 
 /1GðxÞÞ	 
 c1ð/1nðxÞ 
 /1GðxÞÞ 
 1g
Similarly,
R2n 
 R2G ¼ Eðxð1Þ;xð2Þ;...xðnÞ;xÞfexp½c2ð/2nðxÞ 
 /2GðxÞÞ	


 ½c2ð/2nðxÞ 
 /2GðxÞÞ	 
 1g

¼ E�fexp½c2ð/2nðxÞ 
 /2GðxÞÞ	 
 ½c2ð/2nðxÞ 
 /2GðxÞÞ	 
 1g
Hence
Rn 
 RG ¼
X2
i¼1

ðRin 
 RiGÞ

¼
X2
i¼1

E�fexp½cið/inðxÞ 
 /iGðxÞÞ	 
 ½cið/inðxÞ 
 /iGðxÞÞ	 
 1g: �
Lemma 5. If the conditions of Lemma 3 hold, then
EðD1nðxÞ 
D1GðxÞÞ2k1 6Mn

k1s
sþ1

Z x1

a1

K2ðh1;x2Þ þK1=2
1 ðh1;x2Þ

uðh1;x2Þ
dh1

 !2k1
and

EðD2nðxÞ 
D2GðxÞÞ2k1 6Mn

k1s
sþ1

Z x2

a2

K2ðx1;h2Þ þK1=2
1 ðx1;h2Þ

uðx1;h2Þ
dh2

 !2k1
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Proof
EðD1nðxÞ 
 D1GðxÞÞ2 ¼ E uðx1; x2Þ
Z x1

a1

c1e
c1h1
fnðh1; x2Þ 
 f ðh1; x2Þ

uðh1; x2Þ
dh1

� �2

6ME
Z x1

a1

c1e
c1h1
fnðh1; x2Þ 
 f ðh1; x2Þ

uðh1; x2Þ
dh1

� �2

¼ ME
Z x1

a1

fnðh1; x2Þ 
 f ðh1; x2Þ
uðh1; x2Þ

dh1

�
Z x1

a1

fnð~h1; x2Þ 
 f ð~h1; x2Þ
uð~h1; x2Þ

d~h1

¼ M
Z x1

a1

Z x1

a1

E
fnðh1; x2Þ 
 f ðh1; x2Þ

uðh1; x2Þ

"

� fnð
~h1; x2Þ 
 f ð~h1; x2Þ

uð~h1; x2Þ

#
dh1 d~h1
From H€older inequality and Cr inequality, we get
EðD1nðxÞ 
 D1GðxÞÞ26M
Z x1

a1

Z x1

a1

½Eðfnðh1; x2Þ 
 f ðh1; x2ÞÞ2	1=2

uðh1; x2Þ

� ½Eðfnð
~h1; x2Þ 
 f ð~h1; x2ÞÞ2	1=2

uð~h1; x2Þ
dh1 d~h1

¼ M
Z x1

a1

½Eðfnðh1; x2Þ 
 f ðh1; x2ÞÞ2	1=2

uðh1; x2Þ
dh1

( )2

6M � n
 s
sþ1

Z x1

a1

K2ðh1; x2Þ þ K1=2
1 ðh1; x2Þ

uðh1; x2Þ
dh1

 !2
Therefore
EðD1nðxÞ 
 D1GðxÞÞ2k1 6Mn

k1s
sþ1

K2ðh1; x2Þ þ K1=2
1 ðh1; x2Þ

uðh1; x2Þ
dh1

 !2k1

EðD2nðxÞ
D2GðxÞÞ2k16Mn

k1s
sþ1

Z x2

a2

K2ðx1;h2ÞþK1=2
1 ðx1;h2Þ

uðx1;h2Þ
dh2

 !2k1
: �
Lemma 6. Let l > 2 be a given natural number. If EðxÞjsiGðxÞjl < þ1, for
i ¼ 1; 2, then RG < þ1.
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Proof. RG ¼ R1G þ R2G
RiG ¼ EðxÞfciEðhi xj Þ 
 ci/iGðxÞg6EðxÞfci Eðhi xj Þj j þ ci /iGðxÞj jg

6EðxÞ
1

Eðe
cihi xj Þ þ ln jsiGðxÞj
� �

6 2EðxÞjsiGðxÞj

6 2ðEðxÞjsiGðxÞjlÞ1=l < þ1; i ¼ 1; 2
Hence RG < þ1. h

Proof of Theorem. From Lemmas 6 and 4, we have Rn 
 RG ¼
P2

i¼1ðRin 
 RiGÞ
R1n
R1G ¼Eðxð1Þ;...;xðnÞ;xÞfexpðc1½/1nðxÞ
/1GðxÞ	Þ
 c1½/1nðxÞ
/1GðxÞ	
1g
From Lemma 1, we obtain
R1n 
 R1G 6Eðxð1Þ;...;xðnÞ;xÞ½ec1/1nðxÞ 
 ec1/1GðxÞ	
2 ¼ EðxÞfE½ec1/1nðxÞ 
 ec1/1GðxÞ	2g

¼ EðxÞfEðs1nðxÞ 
 s1GðxÞÞ2g
Let A1n ¼ ðx1; x2Þj1 < s1GðxÞ6 1
2
nv1

� �
and B1n is complement of set A1n.

Therefore, when ðx1; x2Þ 2 B1n, from (2.2) ðs21nðxÞ þ s1GðxÞÞ26
2ðs1GðxÞ þ n2v1Þ6 10s21GðxÞ. From H€older inequality andMarkov inequality, we
have
E�fðs1nðxÞ 
 s1GðxÞÞ2IB1ng6MðEðxÞ sl
1GðxÞ
�� ��Þ2=l EðxÞ s1GðxÞj jl

nlv1

� �1
ð2=lÞ

¼ MðEðxÞ sl
1GðxÞ
�� ��Þn
v1ðl
2Þ
when ðx1; x2Þ 2 A1n,
Eðs1nðxÞ 
 s1GðxÞÞ26
3

2
nv1

� �2
2k
E s1nðxÞj
n


 s1GðxÞj3
2
nv1

o2k

¼ 3

2
nv1

� �2
2k
E

fnðxÞ
e
c1x1fnðxÞ þ D1nðxÞ

����
(


 f ðxÞ
e
c1x1f ðxÞ þ D1GðxÞ

����
3
2
nv1

)2k
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From Lemma 2 and Cr inequality, we get
Eðs1nðxÞ 
 s1GðxÞÞ26
3

2
nv1

� �2
2k
� 2ðe
c1x1f ðxÞ

þ D1GðxÞÞ
2k E fnðxÞj
(


 f ðxÞj2k þ f ðxÞ
e
c1x1f ðxÞ þ D1GðxÞ

�
þ 3
2
nv1
�2k

�Eðe
c1x1ðfnðxÞ 
 f ðxÞÞ þ D1nðxÞ 
 D1GðxÞÞ2k
)

6 5nv1ð2
2kÞðe
c1x1f ðxÞ þ D1GðxÞÞ
2kfE fnðxÞj 
 f ðxÞj2k þ ð2nv1Þ2k

� E e
c1x1ðfnðxÞð 
 f ðxÞ þ D1nðxÞ 
 D1GðxÞÞ2kg

6 5nv1ð2
2kÞðe
c1x1f ðxÞ þ D1GðxÞÞ
2kfð1þ 2ð2nv1Þ2kÞEðfnðxÞ 
 f ðxÞÞ2k

þ 2ð2nv1Þ2kEðD1nðxÞ 
 D1GðxÞÞ2kg

6Mnv1ð2
2kÞðe
c1x1f ðxÞ þ D1GðxÞÞ
2kfn2ku1E fnðxÞj 
 f ðxÞj2k

þ n2ku1E D1nðxÞj 
 D1GðxÞj2kg ¼ Mn2u1ðe
c1x1f ðxÞ

þ D1GðxÞÞ
2kfE fnðxÞj 
 f ðxÞj2k þ E D1nðxÞj 
 D1GðxÞj2kg:
From Lemmas 3 and 5, we get
Eðs1nðxÞ 
 s1GðxÞÞ26Mn2v1 ½e
c1x1f ðxÞ þ D1GðxÞ	
2kn
ðksÞ=ðsþ1ÞfM1½K2k
2 ðxÞ

þ Kk
1ðxÞ	 þM2

Z x1

a1

K2ðh1; x2Þ þ K1=2
1 ðh1; x2Þ

uðh1; x2Þ
dh1

 !2k

6Mn2v1
ðks=ðsþ1ÞÞ½e
c1x1f ðxÞ þ D1GðxÞ	
2k

� K2k
2 ðxÞ

8<
: þ Kk

1ðxÞ þ
Z x1

a1

K2ðh1; x2Þ þ K1=2
1 ðh1; x2Þ

uðh1; x2Þ
dh1

 !2k9=
;

6Mn2v1
ðks=ðsþ1ÞÞ½e
c1x1f ðxÞ þ D1GðxÞ	
2k

� K2k
2 ðxÞ

8<
: þ Kk

1ðxÞ þ
Z x1

a1

K2ðh1; x2Þ þ K1=2
1 ðh1; x2Þ

uðh1; x2Þ
dh1

 !2k9=
;
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Consequently,
E�½ðs1GðxÞ 
 s1nðxÞÞ2IA1n 	6M � n2v1
ðks=ðsþ1ÞÞEðxÞ

� ½e
c1x1f ðxÞ

8<
: þ D1GðxÞ	
2k K2k

2 ðxÞ

2
4 þ Kk

1ðxÞ

þ
Z x1

a1

K2ðh1; x2Þ þ K1=2
1 h1; x2ð Þ

uðh1; x2Þ
dh1

 !2k35
9=
;

When ks
sþ1
 2v1 ¼ v1ðl 
 2Þ, we get v1 ¼ ks

ðsþ1Þl, R1n 
 R1G ¼ Oðn
qÞ, q ¼ ksðl
2Þ
ðsþ1Þl .

Similarly when v2 ¼ v1, we get R2n 
 R2G ¼ Oðn
qÞ. Hence Rn 
 RG ¼ Oðn
qÞ,
q ¼ ksðl
2Þ

ðsþ1Þl . h

From the theorem, we can show that the EB estimation of parameters is

asymptotically optimal. If k is approaching 1 arbitrarily, l and S are large
enough. Then the convergence rate of the empirical Bayes estimation also

approaches Oðn
1Þ.
4. An example

We give an example to explain the reasonableness of above result. Let c1; c2
be 1 in loss function, l > 2, and 0 < k < 1=2,
f ðx1; x2jh1; h2Þ ¼
4e
2ðx1
h1Þe
2ðx2
h2Þ; xi > hi; i ¼ 1; 2
0; otherwise

(

gðh1; h2Þ ¼
9e
3h1
3h2 ; 0 < h1 < þ1; 0 < h2 < þ1
0; otherwise

�

It is easy to verify that the conditions of Theorem hold.
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